JOURNAL oF
EXPERIMENTAL
MATHEMATICS

ASSOCIATION
FOR
MATHEMATICAL
RESEARCH

VOLUME 1 ISSUE 1

2025



JOURNAL OF EXPERIMENTAL
MATHEMATICS

Editor-in-Chief
Jacob Tsimerman, University of Toronto (Canada)

Managing Editor
Alexander Kolpakov, University of Austin (USA)

Editorial Board

David Bailey, Lawrence Berkeley National Laboratory (USA)

Kathrin Bringmann, University of Cologne (Germany)

Joe Buhler, Reed College (USA)

Rafael de la Llave, Georgia Institute of Technology (USA)

Jan Draisma, University of Bern (Germany)

Sinan Giintiirk, Courant Institute of Mathematical Sciences, New York University (USA)
Rob Kusner, University of Massachusetts at Amherst (USA)

Mark Levi, Pennsylvania State University (USA)

Alex Lubotzky, Hebrew University & Weizmann Institute (Israel)

Al Marden, University of Minnesota (USA)

Kaisa Matomaéki, University of Turku (Finland)

Igor Rivin, Temple University (USA)

Peter Sarnak, Princeton University & Institute for Advanced Study (USA)

Rich Schwartz, Brown University (USA)

Sergei Tabachnikov, Pennsylvania State University (USA)

Yuri Tschinkel, Courant Institute of Mathematical Sciences, New York University (USA)
Akshay Venkatesh, Institute for Advanced Study (USA)

PUBLISHED BY

Association for Mathematical Research, amathr.org,
Davis, CA; Jenkintown PA.



JOURNAL OF EXPERIMENTAL MATHEMATICS, 1(1):124-148, 2025
Jjexpmath.org

Ebert’s Asymmetric Three Person Three
Color Hat Game

Theo van Uem

Received 10 Aug 2023; Revised 28 Sep 2023; Accepted 31 Oct 2023

Abstract:

We generalize Ebert’s Hat Problem for three persons and three colors. All players guess
simultaneously the color of their own hat observing only the hat colors of the other players.
It is also allowed for each player to pass: no color is guessed. The team wins if at least
one player guesses his or her hat color correct and none of the players has an incorrect
guess. This paper studies Ebert’s hat problem, where the probabilities of the colors may be
different (asymmetric case). Our goal is to maximize the probability of winning the game
and to describe winning strategies. In this paper we use the notion of an adequate set. The
construction of adequate sets is independent of underlying probabilities and we can use
this fact in the analysis of the asymmetric case. Another point of interest is the fact that
computational complexity using adequate sets is much less than using standard methods.

Key words and phrases: asymmetric hat game, coding theory, computational complexity

1 Introduction

Hat puzzles were formulated at least since Martin Gardner’s 1961 article [Gar61]. They have got an
impulse by Todd Ebert in his Ph.D. thesis in 1998 [Ebe98]. Buhler [Buh02] stated: “It is remarkable that
a purely recreational problem comes so close to the research frontier”. Also articles in The New York
Times [Rob01], Die Zeit [BluO1] and abcNews [Pou(01] about this subject got broad attention. This paper
studies a generalization of Ebert’s hat problem. The original problem was symmetric: each color has
probability % We consider the asymmetric case: three distinguishable players are randomly fitted with a
colored hat (three colors available), where the probabilities of getting a specific color may be different,
but known to all the players. All players guess simultaneously the color of their own hat observing only
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EBERT’S ASYMMETRIC THREE PERSON THREE COLOR HAT GAME

the hat colors of the other two players. It is also allowed for each player to pass: no color is guessed.
The team wins if at least one player guesses his or her hat color correctly and none of the players has an
incorrect guess. Our goal is to maximize the probability of winning the game and to describe winning
strategies. The symmetric two color hat problem (probability % for each color) with N = 2% — 1 players
is solved in [EMV03], using Hamming codes, and with N = 2 players in [CHLL97] using extended
Hamming codes. Burke et al. [BGKO02] try to solve the symmetric hat problem with N = 3,4,5,7 players
using genetic programming. Their conclusion: The N-prisoners puzzle (alternative names: Hat Problem,
Hat Game) gives evolutionary computation and genetic programming a new challenge to overcome.
Lenstra and Seroussi [LS05] show that in the symmetric case of two hat colors, and for any value of N,
playing strategies are equivalent to binary covering codes of radius one. Combining the result of Lenstra
and Seroussi with Tables for Bounds on Covering Codes [Ké], we get:

N [2]3[4]5][6[7[8]09
KN [2 24712163262

K(N,1) is smallest size of a binary covering code of radius 1. Maximum probability for Ebert’s
symmetric two color Hat Game is 1 — K(évN’l). Lower bound on K(9,1) was found in 2001 by Ostergard-
Blass, the upper bound in 2005 by Ostergard. Krzywkowski [Krz10] describes applications of the hat
problem and its variations, and their connections to different areas of science. Krzywkowski [Krz11] and
Guo et al. [GKRT06] gives an optimal solution of the symmetric three person three color hat problem.
Tantipongpipat [Tan14] proves an optimal strategy for Ebert’s hat game with three players and more
than two hat colors. Johnson [Joh] ends his presentation with an open problem: If the hat colors are not
equally likely, how will the optimal strategy be affected? We will answer this question and our method
gives also interesting results in the symmetric case. In section 2 we define an adequate set. In section 3
we obtain results for the asymmetric three person three color Hat Game, where each player has the same
probabilities to get a specific colored hat. In section 4 we get new results for the symmetric three person
three color Hat Game by using the adequate set method. In all situations all players know the underlying
probabilities of each player.

2 Adequate sets

In this section we have N players and g colors. The N persons in our game are distinguishable, so we can
label them from 1 to N. We label the g colors 0,1,..,g — 1. The probabilities of the colors are fixed and
known to all players. The probability that color i will be on a hat is p; (i € {0,1,..,g— 1}, Z,'q:_o] pi=1).
Each possible configuration of the hats can be represented by an element of

B={bby...by|lb;€{0,1,...,q—1}, i=1,2..,N}.

The S-code represents what the N different players sees. Player i sees q-ary code by..b;_1b;..by with
decimal value

i—1 N
5= Zbk~qN_k_1 + Z bk-qN_kg
k=1 k=i+1
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a value between 0 and ¢V~ — 1.
Let S be the set of all S-codes:

1 N
S={s152...sn]s5i = bk.qN_k_l—i- Z bk.qN_k,biE{0,1,...,6]—1}, i=1,2,...,N }.
k=1 k=i+1

Each player has to make a choice out of g+ 1 possibilities: 0="guess color 0’, 1="guess color 1’, ....,g—1
=’guess color g — 1°, g="pass’.

We define a decision matrix D = (a; ;) where i€ {1,2,..,N}(players); j € {0,1,..,¢" ! — 1}(S-code of
aplayer); ¢; j € {0,1,..,q} . The meaning of g; ; is: player i sees S-code j and takes decision a; ; (guess a
color or pass). We observe the total probability (sum) of our guesses.

For each b1 b, ...by in B with n; times color i (i =0,1,...,q— 1,2?;01 n; = N) and S-code player i:

j—1 N
siztbk.qN7k71+ Z bk.quk

k=1 k=i+1
we have:
IFai,, € {q,b1} AND ay, € {q,b,} AND ... AND ay, € {q,by} AND
NOT (al,sl = a2,s2 =...= aNaSN = q) THEN Sum:SUHH‘PgO-prl” . pngll

Any choice of the g;; in the decision matrix determines which CASES bb;...by have a positive
contribution to sum (we call it a GOOD CASE) and which CASES don’t contribute positive to sum (we
call it a BAD CASE).

Definition 1. Let A C B. A is adequate to B— A if for each g-ary element x in B— A there are g — 1
elements in A which are equal to x up to one fixed g-ary position.

Theorem 1. BAD CASES are adequate to GOOD CASES.

Proof. Any GOOD CASE has at least one g; ; not equal to g. Let this specific a; ; have value b;,. Then our
GOOD CASE generates ¢ — 1 BAD CASES by only changing the value b;, in any value of 0,1,..,g—1
except b, . O

The definition of adequate set is the same idea as the concept of strong covering, introduced by
Lenstra and Seroussi [L.S05]. The number of elements in an adequate set will be written as das (dimension
of adequate set). Adequate sets are generated by an adequate set generator (ASG). For an implementation
of an ASG in VBA/Excel see Appendix A.

Theorem 2. Each adequate set generates a decision matrix D.
Proof. For each element in the adequate set:
* Determine the g-ary representation b1b; ... by.
* Calculate S-codes s; = Z}'{_:]] br.gV %1+ ZQ;,-H br.gVk(i=1,..N).
* For each player i: fill decision matrix with a;;, = b; (i=1,..,N), where a cell may contain several

values.
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Matrix D is filled with BAD COLORS. We can extract the GOOD COLORS by considering all a; ; with
g — 1 BAD COLORS and then choose the only missing color. In all situations with less than ¢ — 1 BAD
COLORS we pass. When there is an a; ; with g BAD COLORS all colors are bad, so the first option is to
pass. But when we choose any color, we get a situation with g — 1 BAD COLORS. So in case of ¢ BAD
COLORS we are free to choose any color or pass. The code for pass is g, but in our decision matrices we
prefer a blank, which supports readability. The code for ‘any color or pass will do’ is defined ¢ + 1, but in
our decision matrices we prefer a x. O

We call the procedure just described DMG (Decision Matrix Generator). An implementation of a
DMG in VBA/Excel can be found in Appendix B.

3 Asymmetric Hat Game with three players and three colors

In this section we obtain results for asymmetric Hat Game with three players and three colors with hat
probabilities p,q,r (p+q+r =1, pgr > 0). Without loss of generality we suppose p > g > r.

3.1 Optimal winning probabilities

We first execute the program ASG with values p=0.7, ¢=0.2, r=0.1, das=2,3,..,11, which yields no
adequate sets. Setting das=12 gives a collection of 324 adequate sets. There are 3 optimal adequate sets,
each with probability 0.242:

4 5 7 8 9 13 14 16 17 18 20 24 0.242
1 2 8 12 13 15 16 20 21 22 24 25 0.242
36 8 10 11 13 14 19 20 22 23 24 0.242

So maximal winning probability of this game is 1-0.242=0.758 The probability of an adequate set is a
function @ = ¥ p®¢”r*~¢~", where the summation is over all elements of the adequate set and @ and b are
the number of zero’s and one’s in the ternary representation of each element of the adequate set. For
each of the three adequate sets just found,we have:

¢ = qr’ +2¢°r+q +3pr* +2pqr+ pq* + p*r+ p*q

(e.g. the first element of the first adequate set, 4, is ternary 011 and contributes pg® to @; this process is
implemented in matrix a(i, j) in ASG, see appendix A). We describe this as follows:

00 01 02 03 10 11 12 20 21 30
o 1 2 1 3 2 1 1 1 0

In the first line ab means: we have p®g”r>~¢~? and in the second line we find the coefficients of

P3P We call (0121321110) the pattern of the adequate set.

Definition 2. A pattern Pl is dominant over pattern P2 when the ¢ value of P1 is equal or less than the
¢ value of P2.
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The number of adequate sets when das > 12 is shown in the following table (use ASG with different
values of das).

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

324

5832

50814

237816

670464

1194345

1389018

1097388

613251

250272

76086

17334

2925

351

27

We have to automate the search process of dominant patterns.

Lemma 3. The b-pattern bib;...byo, where by = b(0,0) by = b(0,1) b3 = b(0,2) by = b(0,3) bs =

b(1,0) be = b(1,1) by = b(1,2) bs = b(2,0) bo = b(2, 1) bio = b(3,0) with dim(b)=5b; is dominant
over the a-pattern ajay...ay , where a; = a(0,0) a = a(0,1) az = a(0,2) as = a(0,3) as =
a(1,0) ag =a(1,1) a; = a(1,2) ag = a(2,0) ag = a(2,1) ajo = a(3,0) with dim(a)=Xa;,

dim(a) = dim(b),

cj=bj—aj(j=1,2,..,10),m; = max(0,—c;) when:
C1 Ef 0

c1+cy > m3+ms

(c1+cotce3>ma+ms+me)V(ci+eca+c3>maNes >0Acs+ce > 0)
(ci+crt+ce3+es>ms+mg)V(ci+er+c3+ca >0Acs >0Acs+c6 > 0)

c1+catcs > ma

(C1+C2+C3+C5+C6 Zm4+m7+ms)\/(C1+C2+C3+C5+C6 >mg/Acy > 0Ncs+cq 20)
c1+ctce3+cest+cs+cegt+co7 > mg

(c1+crtez+est+ce+ces >ma+my)V(ci+ea+ez+es+cee+cg >0Aca >0Aca+c7>0)

ci+ct+cezs+cestes+ceg+cr7+c8+c9>0

Proof. The dominance relations between the atoms of ¢ are (dominance is represented by an arrow):

‘l

o0

-
o

D O O

The b-pattern is dominant over the a-pattern when in each vertex of the next directed graph there is
enough compensation:
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.
¢ooeo

To illustrate our proof we concentrate on cell 6 (with ¢g). Maximum flow to cell 6 (inclusive cell 6) is
c1+c2+c3+cs5+ cs. But eventually cell 3 has to compensate a possible negative value c4 in cell 4. Also
cell 6 must compensate potential negative values c7 and cg in cells 7 and 8. This leads to:
c1+cy+c3+ces+cqg > myg+m7+mg

To make a stronger procedure we remark that when ¢4 > 0 A ¢4 + ¢7 > 0 then compensation for cell 8 is
sufficient. We get:

(c14catc3+cs+ce > my+mg+mg)V

(c4>0Aca+c7>0Ac1+cr+c3+cs+ce > mg)

The same reasoning for all other cells, where cell 10 may be omitted (we have das > das). ]

o0

We implemented this dominance test in the procedure dom() in ASG. We can also use this procedure
when the two sets have different dimensions.When e=dim(a)-dim(b)> 0 we add ¢ elements in cell 1 of
pattern b and then we apply the foregoing procedure.

Lemmad4. {¢,0,, 95, ¢,} dominates all adequate sets, where

@1 = (0121321110).

@, = (1210141110).
@3 = (1331000301).
04 = (1331121110).

Proof. We execute ASG with das= 12 and different values of p,qg,7. When p =0.7,g =0.2,r =0.1 we
find three optimal adequate sets with pattern ¢; = (0121321110). Using p = %,q = %, r= %, we get
optimal adequate sets with pattern ¢, = (1210141110). For p = 0.35,¢ = 0.33,r = 0.32 we obtain the
optimal pattern ¢3 = (1331000301). Executing ASG with dom(¢;),dom(¢,),dom(¢s) activated (see
appendix A), we get no adequate sets: {@,, @,, @5} dominates all adequate sets when das = 12. We get
the same result when das = 13. Setting das= 14, any values of p,q,r and dom(¢@;),dom(¢,),dom(¢3)
activated with e = 2, we get 10 adequate sets (out of 50814), all dominated by or equal to
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¢4 = (1331121110). In Appendix C we show that {@,, ¢,, @5, ¢, } dominates all adequate sets when
das> 14.
Conclusion: {@;, ¢,, ¢5, ¢, } dominates all adequate sets. O

Our task is now to minimize (adequate set, BAD CASES) the value of ¢, given values of p,q,r. Let
¥, =1—¢; (i=1,2,3,4). ¥, is the probability of winning the game.
Lemma 5. ¥, =p(1-2r%) +(1 —p)(p+r)
Wy =1+p*r+2pr?+p>—p—r
W3 =3p(l—p—pr)
Wy =p(p*—2p+2)
Proof.
Wi =1-0, =1— (g +2¢°r+q +3pr* +2pqr+ pq’ + p°r+pq) .
Eliminate g to get the desired result for ¥;. Analogue for ¥,,¥3 and ¥,. O
We notice that because of p+¢g+r=1and p > g > r > 0, we have:
p> % and 1 -2p <r< I_Tp (see also Figure 1).
Lemma 6. {¢,, ¢4} dominates ¢,

Proof. Wy =¥ = (1—-p—2r) [(1—17)2—2]7”} >0, when 0 < rSmin{(lg!’:)z,l_Tp}.

2
Wy — W = r2pr— (1—p)? > 0 when U525 << L2,
So: ¢, is dominated by {¢,, ®,} (see also Figure 1). O

Lemma 7. W, is an optimal winning probability when

1—p)? 1—p 1
(2pp)§r§2p (§§p<l)

Proof. W4 —¥> = (1—p—r)[2pr—(1=p)’] = q2pr— (1= p)’]
Wy —W;=p(p*+p—1+3pr) > %p[Zpr—(l —p)?] and =) <) < FTP implies % <p<1(see

. 2p
also Figure 1). O

. 1=2p _1=p . 1 _ 35
Let o be the solution of = =2 with 3<p< 1,80 00 = =5

Lemma 8. W is an optimal winning probability when

1-2p
(

1
Spéa)]\/[l—2p§r§ aépgi)

3
Proof. We have (see also Figure 1):

1 1—p _ 1-p—p’

Ifor<p<dthenr< 52 < o0
Sowhen%ﬁpg%wehave: W3 —Wy=—p(p>+p—1+3pr)>0.
W3 —Ws = (1-2p—r)(2pr+2p—1) >0 when r < 32,

The result follows from PTP < % when % <p<Za. O
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Lemma 9. WV, is an optimal winning probability when

1-2p
2p 2

Proof. W, —W4 = (r+p—1)2pr—(1—p)?| = —q[2pr— (1 —p)?.

Y, —W3=2p+r—1)2pr+2p—1).

1— 1 1
<r<—L (a<p< )}V[0< rss—
p

2
If p> 1 then 2p+r—1<0and 2pr+2p—1<0s0'¥, >¥3. When p > } and r < 172 we have

Wy > Wy

2
Whenaﬁpﬁ%wehave%ﬁrﬁ%g(l p) ,50: ¥y > W, and ¥, > ;.

2p
See also Figure 1.

O]

Theorem 10. The next table and graphics gives a description of optimal probabilities for asymmetric

three person three color Hat Game:

Set Region Optimal probability
1—p)? 1—
A Ul <r<2 (b <p<) v,
_ )2
B L <r< 2 (a<p<y) vo<r< B (I<p<) ¥,
Cll-2p<r<Bf (3<p<a) V 1-2p<r< i3 (a<p<jy) s
a=35.
Yy =1+ p?r+2pr*+p>—p—r.
W3 =3p(l—p—pr).
¥y =p(p*—2p+2).
Contour plot
03|
025
02
015}
01
0.05 |
4 , ‘ , : ‘
0.4 05 06 0.7 08 0.9 1
P
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0.35
0.3
0.25
0.2
0.15
0.1

0.05

0.3 0.4

r=1-2p r=(1-2p)/2p r=(1-p)/2 r=(1-p)A2/2p = = =r=0

Figure 1: Optimal probabilities

3D plot

~
wRAg
SRR
(SIS og

0.172
0.196
0.22
0.244
0.268
0.292
0.316

=

Proof. Use Lemma’s 6-9. O

We find all solutions of the asymmetric three person two color Hat Game by taking r = 0:

Theorem 11. If p > % then we have optimal probability 1+ p*> — p with optimal decision matrix:
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00 01 10 11
0 1
0 1
0 1

Ifp=q= % then we have optimal probability % and two optimal decision matrices: the one already
found when p > % and the well-known:

00 01 10 11
1 0
) 0
1 0

Proof. If p > % then we are in B with optimal probability ¥, = 1 4+ p? — p and we get the optimal
decision matrix using the result of region B in section 3.2 and deleting color 2.

Ifp=qg= % then we have to do with sets B and C. We get ¥, = ¥3 = % and a second optimal decision
matrix by deleting color 2 in the decision matrix of region C in section 3.2. O

The same result is obtained in [vU24].
We investigate the behavior of the optimal probability ¥,,; when p — 1:

Theorem 12. ¥,,, =1 —(1—p)+(1-p)>+0O0([1-p)*) (p—1)
Proof. When % <r< FTP we have:
Wopr =Wa=p(p> —2p+2) =1—(1-p)+(1-p)*—(1-p)°.

When 0 <r < (-p? then ¥,,; = 1 — p+p*+p*r+2pr? —r, where

2p
prr+2prt —r <2pr*+(1—p*)r< (155)4 + (17”22)1(11717)2 = (1;1’)3 =
_ )3
2 = (= pP+0(1-plY)  (p—1). 0
Remark.

If p — 1 then a simple strategy is: player 1 always guess the color with probability p and the other
players always pass. But this simple strategy is not optimal:

Yo =p+(1=p)*+0([1=p°) (p—1).

Also surprising is that the behavior of g and r is relevant: regions A and B give two different optimal
strategies.

3.2 Optimal strategies

Definition 3. Two adequate sets are isomorphic when there is a permutation of the three players which
projects one set to another.

Theorem 13. Optimal strategies for three person, three color, hat game are:

Region A:
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00 o1 02 10 11 12 20 21 22

0 * ok * ok
0 0 0 0 0o 0
0 0 0 0 0o 0
Region B:
00 01 02 10 11 12 20 21 22
0 1 1 1 1
0o 0 1 0o 0
0o 0 1 0o 0
Region C:
00 01 02 10 11 12 20 21 22
1 0 0 0o 0
1 0 0 0 0
1 0 0 0o 0

Proof. We start with region A. We take a pointin A (e.g. p=0.7, ¢=0.2, r=0.1). ¥4 is winner in
A, so das=14. Execute the program ASG with das=14 and we find three optimal adequate sets:

4 5 7 8 9 13 14 16 17 18 22 23 25 26
1 2 12 13 14 15 16 17 21 22 23 24 25 26
36 10 11 13 14 16 17 19 20 22 23 25 26

These sets are isomorphic: cycles (13) and (23) will project the first set to the second and third one
(using ternary code). Program DMG with das=14 gives the optimal decision matrix belonging to the first
adequate set in region A. Region B: We consider a point in B (e.g. p = %, q= %, r= é ) , execute the
program ASG with das=12 (¥, is winner) and we get 3 optimal adequate sets:

4 5 7 8 9 11 15 18 22 23 25 26
1 2 7 12 14 15 17 19 21 23 24 26
35 6 10 11 16 17 19 20 21 25 26

The three sets are isomorphic (again (13) and (12) will do). DMG gives the optimal decision matrix
belonging to the first adquate set of region B. Region C:

das=12 (W5 is winner). Using e.g. p = 0.35, ¢ = 0.33 , r = 0.32 we get one optimal adequate set when
executing the program ASG with das=12:

0 2 6 13 14 16 17 18 22 23 25 26

Procedure DMG gives the optimal decision matrix for region C. O
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3.3 Computational complexity

We consider the number of strategies to be examined to solve the hat problem with N players and g
colors. Each of the Nplayers has ¢"~! possible situations to observe and in each situation there are q+1

N
possible guesses. So we have ((g + l)qN ]) possible strategies. Krzywkowski [14] shows that is suffices

to examine ((q+ l)qulfl) strategies. The adequate set method has to deal with {i},i2,..,iz4} With
0<i <i2<..<idaS§qN—1.
The number of strategies for fixed das is the number of subsets of dimension das of {0,1,..., ¢" -1}:

N
< flas > . But we have to test all possible values of das. So the correct expression is:
N

Y das < cqias > =2@"), The power of the adequate set method in the asymmetric 3 person, 3 color game

is shown in the next table of computational complexity:

brute force ~ Krzywkowski adequate set method
1,80144E+16  2,81475E+14 134217728

4 Symmetric Hat Game

In this section we focus on the symmetric Hat Game with three players and three colors.

4.1 Symmetric three color three person Hat Game
Definition 4. Two adequate sets are equivalent when they induce the same probability function.
Definition 5. The order of an adequate set is the number of equivalent adequate sets.

Theorem 14. Whenp=qg=r= % the optimal probability is % and we have a collection of 77
non-isomorphic optimal decision matrices, each of order 1,3 or 6. We give one matrix of each order:
Order 1, adequate set {0 13489 10 12 13 20 24 26}

00 01 02 10 11 12 20 21 22
2 2 2 2 1
2 2 2 2 1
2 2 2 2 1

Order 3, adequate set {45789 13 14 16 17 18 20 24}

00 01 02 10 11 12 20 21 22
0 2 2 2 2
0 0 0o 0 1
0 0 0o 0 1

Order 6, adequate set {45789 13 1416 17 18 19 24}
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00 o1 02 10 11 12 20 21 22
0 2 2 2 2
0 0 0o 0 1
0 0 o 0 2

Proof. Running ASG with any values of p,q,r gives 324 adequate sets. Whenp =g =r = % all these
sets are optimal with probability g. We run ASG with p =0.71,g = 0.23,r = 0.06 (we don’t want
contamination of the probabilities). We sort the adequate sets by probability and find 75 equivalent sets
of order 1,3,6 or 12 (see Appendix D).

order | count | order * count
1 6 6
3 36 108
6 31 186
12 2 24
| total [ 75 | 324

Each set of order 12 can be split in two sets of order 6 which are not isomorphic: count number of non
passes for each player, which gives a 663 or 555 pattern. Each set of order 3 is isomorphic to 2 equivalent
sets of order 3 and each set of order 6 is isomorphic to 5 equivalent sets of order 6, which can be verified
by permutations of the players. In total we have 77 non-isomorphic adequate sets. All 324 decision
matrices are generated by DMG. 0

5 Conclusion

The use of adequate sets makes our object of investigation tractable by reducing the computational
complexity with a factor greater than 10°. Three special cases are interesting.

The special case r = 0. Our game degenerates to a two color problem with known results.

The special case when p approaches 1. We get two optimal decision matrices which are superior to an
intuitive optimal solution.

The symmetric case: We obtain all optimal solutions.

6 Related Topics

The relation with coding theory is well known (see e.g. [CHLL97] and [LSO05]).

A broader view give relations between:

* coding theory and discrete tomography (see e.g. [DWO06], where new approaches are based on
modeling and coding theory) .

* collaborative game theory and cryptography (see e.g. [KEAGW 18], where game theory is a suitable
framework for the design of crypto-cloud computing system).

* modeling and inverse problems (see e.g. [KWAG4], cooperative interval games).
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A Adequate Set Generator

Public k1, k2, k3, k4, k5, k6, k7, k8, k9, k10, e As Integer
Public dominant As Integer
Private Declare Function SetThreadExecutionState _

Lib "Kernel32.dIl" _

(ByVal esFlags As Long) _

As Long 'used in Sub KeepPowerOn() for long during programs
Sub dominant_adequate_set_generator()
Dim a() As Integer: Dim c() As Integer: Dim check() As Integer: Dim d() As Integer]
Dim hit() As Integer: Dim i() As Integer: Dim j() As Integer: Dim neq() As Integer
Dim is_in_AS As Boolean
p=0.7:g=0.2:r =0.1 'probability of three colors
n=3 'three players
h=37n-1 '3%nelementsinB
das=12  'dimension of adequate set
ReDim a(0 To 3, 0 To 3): ReDim j(1 To das, 1 To n) As Integer
ReDim hit(0 To h, 1 To das) As Integer: ReDim d(1 To n) As Integer
ReDim i(1 To das) As Integer: ReDim c¢(0 To h, 1 To n) As Integer
ReDim check(0 To h) As Integer: ReDim neq(1 To n) As Integer
KeepPowerOn
" for each number from 0 to h: calculate ternary digits
Fork=0Toh

g=k

ForZz=1Ton:c(k,Z)=gMod3:g=g\3:NextZ
Next k
x =0 'x is row number in Excel
'brute force for all potential adequate sets:
Foril=0Toh+1-das:i(1)=il:Fori2=il+1Toh+2-das:i(2) =i2
Fori3=i2+1Toh+3-das:i(3)=i3:Fori4=i3+1Toh+4-das:i(4)=i4
Fori5=i4+1Toh+5-das:i(5)=i5:Fori6=i5+1Toh+6-das:i(6)=i6

Fori7=i6+1Toh+7-das:i(7)=i7: Fori8=i7+1Toh + 8 - das: i(8) = i8

Fori9=i8+1Toh+9-das:i(9)=i9: Foril0=i9+ 1 To h + 10 - das: i(10) =10
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Forill=i10+1Toh+11-das:i(11) =ill: Foril2=i11+1To h+ 12 -das: i(12) =i12
' fill adequate set matrix j:
For k=1 To das
g =i(k)
ForZ=1Ton:j(k,Z)=gMod3:g=g\ 3: NextZ
Next k
' check on adequate set property:
Fork=0Toh
check(k) =0
is_in_AS = False 'is not an element of AS=Adequate Set
neq(1) =0: neq(2) =0: neq(3) =0
For m =1 To das
hit(k, m) =0
Fort=1To 3
If c(k, t) = j(m, t) Then hit(k, m) = hit(k, m) + 1
Next t
If hit(k, m) =3 Then is_in_AS = True 'is element of Adequate Set
If hit(k, m) =2 And c(k, 1) <> j(m, 1) Then neq(1) = neq(1) + 1 'not equal for player 1
If hit(k, m) =2 And c(k, 2) <> j(m, 2) Then neq(2) = neq(2) + 1
If hit(k, m) = 2 And c(k, 3) <> j(m, 3) Then neq(3) =neq(3) + 1
Next m

If neq(1) =2 Or neq(2) =2 Or neq(3) =2 Oris_in_AS Then check(k) = 1 ' minimal 2 hits at same|
place

Next k
State =1 'potential adequate set
Fork=0Toh
State = State * check(k)
Next k
Sum=0
If State = 1 Then 'State=1 means adequate set

Fort=0To 3
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Foru=0To 3

Next u
Next t
For k = 1 To das
g=i(k)
ForZ=1Ton:d(Z)=gMod3:g=g\3: NextZ
countl =0: count2 =0
Fort=1Ton
If d(t) = 0 Then countl = countl + 1
If d(t) = 1 Then count2 = count2 + 1

Next t

a(countl, count2) = a(countl, count2) + 1
Next k

End If

dominant=1

If das >=12 Then
e=das-12
'Calldom(e, 1,2,1,3,2,1,1,1,0)
'Calldom(e+1,2,1,0,1,4,1,1,1,0)
'‘Calldom(e+1,3,3,1,0,0,0,3,0,1)
End If

If das >= 14 Then
e=das-14

Calldom(e+1,3,3,1,1,2,1,1,1,0)

End If

a(t, u) =0 " a(t,u) counts the number of pAt*gqru*rA(3-t-u) in adequate set

Sum =Sum + p A countl * g A count2 * r A (n - countl - count2)

k1 =a(0,0): k2 =a(0, 1): k3 =a(0, 2): k4 =a(0, 3): k5 =a(1, 0)

k6 =a(1,1): k7 =a(1, 2): k8 =a(2, 0): k9 =a(2, 1): k10 =a(3, 0)

'k1..k10 is potential dominant (code 1); if dominated then switch: dominant=0;
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If das >= 15 Then
e=das-15
Calldom(e, 1,2,1,3,5,2,0,0,1)
Calldom(e+1,1,1,1,2,6,2,0,0,1)
Calldom(e, 2,2,0,3,4,3,0,0,1)
Calldom(e+1,2,1,0,2,5,3,0,0,1)

End If

If das >= 16 Then
e=das- 16
Calldom(e, 2,3,1,3,4,2,0,0,1)
Calldom(e+1,2,2,1,2,5,2,0,0,1)
Calldom(e, 3, 3,0,3,3,3,0,0, 1)
Calldom(e+1,3,2,0,2,4,3,0,0,1)

End If

If das >= 17 Then
e=das-17
Calldom(e+1,3,3,1,2,4,2,0,0,1)

End If

If State = 1 And dominant = 1 Then ' dominant adequate set
X =X + 1 'next row in Excel sheet: show elements of adequate set
Fork =1 To das
Cells(x, k) = i(k)
Next k
Cells(x, 3 + das) = Sum

End If

Next i12: Next ill: Next i10: Next i9: Next i8: Next i7: Next i6: Next i5: Next i4: Next i3: Next i2: Next

i1
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End Sub

Sub dom(h1 As Integer, h2 As Integer, h3 As Integer, h4 As Integer, h5 As Integer, h6 As Integer, h7 As
Integer, h8 As Integer, h9 As Integer, h10 As Integer)

Dim z1, z2, z3, z4, 25, 26, 27, 28, 29, m3, m4, m5, m6, m7, m8 As Integer

z1=h1-k1l:22=h2-k2:23=h3-k3:24 =h4 - ké4: 25 =h5-k5: 26 =h6 - k6: 27 = h7 - k7: 28 = h8 - k8:
29 =h9-k9

If 2Z3<0Then m3 =-z3 Else m3 =0:1f2z4 <0 Then m4 =-z4 Else m4 =0
If z5 <0 Then m5 = -z5 Else m5 = 0: If 26 < 0 Then m6 =-z6 Else m6 =0
If 27 <0 Then m7 =-z7 Else m7 = 0: If 28 <0 Then m8 =-z8 Else m8 =0
c=0

Ifz1>=0Thenc=c+1'1=00

If z1+22>=m3+m5Thenc=c+1'2=01

Ifz1+22+23>=m4+m5+m60r(z1+22+23>>m4Andz5>=0Andz5+26>=0)Thenc=c+1
'3=02

Ifz1+22+23+24>=m5+m6O0r (z1+22+23+24>=0Andz5>=0Andz5+26>=0)Thenc=c+1
'4=03

If z1+22+25>=m3Thenc=c+1'5=10

Ifz1+22+23+25+26>=m4+m7+m8Or (z1+22+23+12z5+26>=m8And m4>=0And m4 + m7
>=0) Thenc=c+1'6=11

Ifz1+22+23+24+25+26+27>>m8Thenc=c+1'7=12

Ifz1+22+23+25+26+28>=m4+m7 Or(z1+22+ 23 +25+26+28>=0And m4>=0And m4 + m7,
>=0) Thenc=c+1'8=20

Ifz1+22+23+24+25+26+27+28+29>=0Thenc=c+1'9=21
If c =9 Then dominant =0
End Sub
Sub KeepPowerOn()
Const ES_SYSTEM_REQUIRED As Long = &H1
Const ES_DISPLAY_REQUIRED As Long = &H2
Const ES_CONTINUOUS As Long = &H80000000
Dim PrevState As Long

PrevState = SetThreadExecutionState(ES_CONTINUOUS Or ES_DISPLAY_REQUIRED Or
ES_SYSTEM_REQUIRED)

Application.OnTime Now() + TimeValue("00:01:00"), "KeepPowerOn", , True

End Sub
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B Decision Matrix generator

Sub decision_matrix_generator_n3_q3()
Dim a0() As Integer: Dim al() As Integer: Dim a2() As Integer:
Dim c() As Integer: Dim check() As Integer: Dim d() As Integer
Dim hit() As Integer: Dim i() As Integer: Dim j() As Integer
Dim neq() As Integer: Dim is_in_AS As Boolean
n=3:h=37An-1:v=3A7(n-1)-1:das=12
ReDim a0(1 To n, 0 To v) As Integer: ReDim al(1 To n, 0 To v) As Integer
ReDim a2(1 To n, 0 To v) As Integer: ReDim ¢(0 To h, 1 To n) As Integer
ReDim check(0 To h) As Integer: ReDim d(1 To n) As Integer
ReDim hit(0 To h, 1 To das) As Integer: ReDim i(1 To das) As Integer
ReDim j(1 To das, 1 To n) As Integer: ReDim neq(1 To n) As Integer
' for each number from 0 to h put ternary digits in matrix c:
Fork=0Toh

g=k

ForZ=1Ton:c(k,Z)=gMod 3:g=g\3: NextZ
Next k
x =-4 ' x: row in Excel where result is displayed
Foril=0Toh+1-das:i(1)=il:Fori2=il+1Toh+2-das:i(2) =i2
Fori3=i2+1Toh+3-das:i(3)=i3:Fori4=i3+1Toh+4-das:i(4)=i4
Fori5=i4+1Toh+5-das:i(5)=i5:Fori6=i5+1Toh+6-das:i(6) =i6

Fori7=i6+1Toh+7-das:i(7)=i7: Fori8=i7+1Toh + 8 - das: i(8) = i8

' ternary digits for adequate set:
For k=1 To das
g =i(k)
ForZz=1Ton:jk,Z)=gMod3:g=g\ 3: Next Z
Next k
' check on adequate set property:

Fork=0Toh

check(k) = 0: is_in_AS = False

Fori9=i8+1Toh+9-das:i(9)=i9: Foril0=i9+ 1 To h + 10 - das: i(10) =i10

Forill=il0+1Toh+11-das:i(11)=ill: Foril2=i11+1Toh + 12 - das: i(12) =i12
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neq(1) =0: neq(2) =0: neq(3)=0
For m =1 To das
hit(k, m) =0
Fort=1To 3
If c(k, t) = j(m, t) Then hit(k, m) = hit(k, m) + 1
Next t
If hit(k, m) = 3 Then is_in_AS = True
If hit(k, m) = 2 And c(k, 1) <> j(m, 1) Then neq(1) = neq(1) + 1
If hit(k, m) =2 And c(k, 2) <> j(m, 2) Then neq(2) = neq(2) + 1
If hit(k, m) = 2 And c(k, 3) <> j(m, 3) Then neq(3) = neq(3) +1
Next m

If neq(1) =2 Or neq(2) =2 Or neq(3) =2 Oris_in_AS Then check(k) = 1 ' three colors, minimal 2 hits
at same place

Next k

State=1

Fork=0Toh

State = State * check(k)

Next k

If State = 1 Then 'State=1: adequate set
X=X+n+2
For k =1 To das

Cells(x, k + 2) =i(k)

Next k
ForS=1Ton
Fork=0Tov

a0(S, k) =0 'counts number of 0's in cell (s,k)

al(s,k)=0
a2(s,k)=0
Next k
Next S

Fork =1 To das
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g=i(k)
ForZ=nTo 1Step-1: d(Z) =g Mod 3: g = (g - d(2)) / 3: Next Z
'd(1)d(2)d(3) is ternary representation of g
'update a0, al and a2:
If d(1) = 0 Then a0(1, 3 * d(2) + d(3)) = a0(1, 3 * d(2) + d(3)) + 1
Ifd(1) = 1 Then a1(1, 3 * d(2) + d(3)) = a1(1, 3 * d(2) + d(3)) + 1
Ifd(1) = 2 Then a2(1, 3 * d(2) + d(3)) = a2(1, 3 * d(2) + d(3)) + 1
If d(2) = 0 Then a0(2, 3 * d(1) + d(3)) = a0(2, 3 * d(1) +d(3)) + 1
Ifd(2) = 1 Then a1(2, 3 * d(1) + d(3)) = a1(2, 3 * d(1) + d(3)) + 1
Ifd(2) = 2 Then a2(2, 3 * d(1) + d(3)) = a2(2, 3 * d(1) + d(3)) + 1
If d(3) = 0 Then a0(3, 3 * d(1) + d(2)) = a0(3, 3 * d(1) + d(2)) + 1
Ifd(3) = 1 Then a1(3,3 * d(1) + d(2)) = a1(3, 3 * d(1) + d(2)) + 1

If d(3) =2 Then a2(3, 3 * d(1) + d(2)) =a2(3,3 * d(1) +d(2)) + 1

Next k

ForS=1Ton
Fork=0Tov
If a0(S, k) + al(S, k) + a2(S, k) <= 1 Then Cells(x + S, k + 1) ="" 'pass : blank
If a0(S, k) * a1(S, k) > 0 And a2(S, k) =0 Then Cells(x + S, k + 1) =2 'not 0 and not 1
If a0(S, k) * a2(S, k) >0 And al(S, k) =0 Then Cells(x + S, k+ 1) =1
If a1(S, k) * a2(S, k) >0 And a0(S, k) =0 Then Cells(x + S, k+ 1) =0
If a0(S, k) * a1(S, k) * a2(S, k) >0 Then Cells(x + S, k+1) =" *!"'any guess or pass will do
Next k

Next S

End If 'end of State=1

Next i12: Next i11: Next i10: Next i9: Next i8: Next i7: Next i6: Next i5: Next i4: Next i3: Next i2: Next
i1

End Sub
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C Dominance when das > 14

Running ASG with das=15 and procedure dom() activated for ¢, 2, @3, ¢4 with e = 3, we get 70 sets.
Sorting by probability gives 12 different probability classes, all dominated by or equal to 4 sets:
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When das= 16 and activating dom() for @1, 2, @3, @4 with e =4 and the 4 sets just found in das= 15, we

get 4 sets:
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Executing ASG with das= 17 and activating dom() for ¢, @, @3, @4, the 4 sets found in das=15 and the
4 sets in das=16, we get 9 sets all with pattern: 1331242001
When das> 18 and activating dom() for @, ¢», @3, @4, the 4 sets found in das=15, the 4 sets in das=16

and the pattern of das=17 we get only patterns which are dominated.

The 9 patterns we found in das=15, 16, 17 are dominated by ¢, (except the first one which is dominated

by ¢1); use domination in:

00 01

02 03

10

11

12 20 21 30

2
1

0

1

0 1
1 0

We have: pg* — p*r— p*q+p* = p[(p—q)* + p(g—r)] > 0.
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No. Jadequate set: prob. order |case |
11 4 5 7 8 9 13 14 16 17 18 20 24 1] 0.230355 3
2l 1 2 8 12 13 15 16 20 21 22 24 25 0.230355
31 3 6 8 10 11 13 14 19 20 22 23 24 0.230355
4 3 5 6 10 11 16 17 19 20 21 25 26 2] 0.230542 3
5 4 5 7 8 9 11 15 18 22 23 25 26 0.230542
6] 1 2 7 12 14 15 17 19 21 23 24 26 0.230542
7 3 5 6 8 10 11 16 19 21 23 24 26 3] 0.23227 3
8 4 5 7 9 11 15 17 18 20 22 24 26 0.23227
9 1 2 7 8 12 14 15 19 20 21 25 26 0.23227
100 4 5 7 8 9 13 14 16 17 18 19 24 4] 0.237597 6
11} 4 5 7 8 9 13 14 16 17 18 20 21 0.237597
120 1 2 5 12 13 15 16 20 21 22 24 25 0.237597
131 1 2 8 11 12 13 15 16 21 22 24 25 0.237597
14 3 6 7 10 11 13 14 19 20 22 23 24 0.237597
15 3 6 8 10 11 13 14 15 19 20 22 23 0.237597
70001 2 4 5 6 12 15 17 19 20 22 23 17] 0.288333 12] 555
711 2 3 4 6 7 10 11 17 21 22 24 25 0.288333 555
72 2 3 5 6 10 12 15 16 19 20 23 25 0.288333 663
73 1 2 4 5 12 14 15 17 18 19 24 25 0.288333 663
74 1 2 6 7 10 11 12 14 21 23 24 25 0.288333 663
75 1 2 7 8 10 11 12 16 17 18 21 23 0.288333 555
76f 2 4 5 9 10 15 16 18 19 23 24 25 0.288333 555
777 2 4 7 8 9 11 12 17 18 21 22 25 0.288333 663
78 3 4 6 7 10 11 16 17 18 20 21 23 0.288333 663
799 3 5 6 8 10 12 14 15 17 18 19 25 0.288333 555
8 4 5 6 8 9 10 15 17 18 19 22 23 0.288333 663
81 4 6 7 9 11 12 14 18 20 21 23 25 0.288333 555
324 0 1 3 4 8 9 10 12 13 20 24 26 75] 0.838468 1
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