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Abstract:

We study the distribution of the height of the intersection between the projective line
defined by the linear polynomial xy + x; + x, and its translate by a torsion point. We show
that for a strict sequence of torsion points, the corresponding heights converge to a real
number that is a rational multiple of a quotient of special values of the Riemann zeta function.
We also determine the range of these heights, characterize the extremal cases, and study their
limit for sequences of torsion points that are strict in proper algebraic subgroups.

In addition, we interpret our main result from the viewpoint of Arakelov geometry,
showing that for a strict sequence of torsion points the limit of the corresponding heights
coincides with an Arakelov height of the cycle of the projective plane over the integers
defined by the same linear polynomial. This is a particular case of a conjectural asymptotic
version of the arithmetic Bézout theorem.

Using the interplay between arithmetic and convex objects from the Arakelov geometry
of toric varieties, we show that this Arakelov height can be expressed as the mean of a
piecewise linear function on the amoeba of the projective line, which in turn can be computed
as the aforementioned real number.
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Height of projective points; Torsion points; Metrized line bundles; Archimedean amoebas; Ronkin
functions
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LIMIT HEIGHTS AND SPECIAL VALUES OF THE RIEMANN ZETA FUNCTION

1 Introduction

Solving systems of polynomial equations in several variables is one of the guiding problems of mathemat-
ics, and has motivated the rise of linear algebra and of algebraic geometry, in addition to being applied to
disparate areas across the sciences. While solving a given system of polynomial equations is a business
of algorithmic research, a more theoretical approach is concerned with obtaining the finest possible
information about its solution set in terms of data that can be read directly from the system. Essentially,
this perspective aims at understanding the complexity of the solution set in terms of the complexity of the
system.

From this point of view, the prototypical result is the classical Bézout’s theorem, asserting that for a
generic system of n-many homogeneous polynomials in n+ 1 variables, the cardinality of its solution
set in the n-dimensional projective space equals the product of the degrees of these polynomials. For
systems whose coefficients are algebraic numbers we can consider not only the geometric complexity of
its solution set given by its cardinality, but also its arithmetic complexity. This latter is usually defined as
the maximal bit-length of the integers in a representation of the solution set and can be measured in terms
of its height, see for instance Remark 2.1. In this context, it is then natural to ask whether the height of
the solution set can be predicted from the arithmetic complexity of the system, measured in terms of the
height of the involved polynomials. The goal of this article is to investigate this question through the
study of an explicit example.

Let us now set our playground more precisely. Let P?(Q) be the projective plane over the algebraic
closure of the field of rational numbers and consider its (canonical) height function, that is the real-valued
function

h: P2(Q) — R

introduced and studied by Northcott and Weil [Nor50, Wei51], see also Section 2. For @y, m, varying in
the set of roots of unity t.. C Q, put @ = (@;,@,) and consider the system of linear equations on P?(Q)
given as

xO+X1+X2ZXO+wfIX1+w£1x2=O. (1.1)

Apart from the degenerate case w; = @, = 1 which we exclude throughout, its solution set consists of a
single point, that we denote by P(w).

From a geometrical perspective, note that the (algebraic) torus G2 (Q) = (Q™)? has a standard
action on IP?(Q) as explained in (2.3), and that the two equations in (1.1) correspond respectively to the
projective line C = Z(xo +x; +x2) C P?(Q) and to its translate @ C by the torsion point @ of this torus.
The intersection of these two lines coincides with the solution set of the system of equations in (1.1) and
hence, when o is nontrivial,

CnoC={P(w)}.

Our aim is to understand how the height of the intersection C N @ C, or equivalently that of the point
P(®), depends on the choice of ®. The first observation is that one cannot determine it from the usual
measures for the complexity of the system. Indeed any such measure, like the degrees or the Newton
polytopes of the defining polynomials, their Mahler measures or any norm depending only on the absolute
values of the coefficients, is constant as @ varies. On the contrary, different choices of the torsion point
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o can produce projective points P(®) with very different heights [Gual8a, Example 5.1.1], see also
Example 3.1 or Figure 1.1 in this introduction.

In view of this situation, we turn to the study of the distribution of the height of P(w), starting by
determining its range of values.

Proposition 1 (Proposition 3.2). Let @ € G2 (Q) be a nontrivial torsion point. Then
0<h(CNnwC) <log(2).

More precisely, we show that these bounds are sharp and characterize the cases in which each of
them is attained. These results follow from an explicit expression for the projective point P(®), the basic
properties of the height, and a formula for the value of a cyclotomic polynomial evaluated at 1.

Having established the range of these height values, the next question is to understand how they
distribute within the interval [0,1og(2)]. We can gain insight into it by means of numerical experimentation,
as we detail in Section 9 and in the accompanying SageMath notebook [GS22].

In practice, let d be a positive integer and denote by u, the set of d-roots of unity, so that ug coincides
with the set of d-torsion points of G2 (Q). Subdividing the unit square into d>-many cells, we can assign
to each of them a d-torsion point @ € ,u§ and, excluding the case when @ is trivial, color it with a tone of
gray that is as dark as the height of P() is large within the range [0,10og(2)]. As shown in Figure 1.1,
these tones distribute on the square without following any clear pattern.

Figure 1.1: Heights associated to nontrivial d-torsion points for d = 10,20,30,40

However, a careful look at these images reveals an interesting phenomenon: as d grows bigger, most
of the cells get colored with a very similar tone of gray, suggesting that most of the corresponding heights
are close to a precise real number. This becomes even more evident for higher values of d, such as those
in Figures 9.1 and 9.3.

Guided by this intuition, we focus on the study of the height of P(®) for a generic torsion point ®,
that is for @ varying in a generic sequence of torsion points. Because of the former toric Manin—-Mumford
conjecture, the latter is nothing else but a strict sequence, that is a sequence which eventually avoids any
fixed proper algebraic subgroup of G2, (Q). The following is the main result of the article.

Theorem 2 (Theorem 7.1). Let (y)¢>1 be a strict sequence in G2 (Q) of nontrivial torsion points. Then

| 2¢(3)
Iim h = ——==0487175...
Jim h(CN o) = 557 = 0.487175...,

where ( is the Riemann zeta function.
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This appearance of the Riemann zeta function is intriguing. However, there are already several known
relations between heights and special values of L-functions. Just to cite a few, similar connections are
given by the Gross—Zagier formula for the height of Heegner points on modular curves [GZ86] and by
the fulfillment of similar properties like the Northcott one [PP24]. Moreover, such connections have
motivated far-reaching conjectures, like that by Colmez [Col93] and its generalization by Maillot and
Rossler [MRO2].

Closer to our setting, the height of projective points can be extended to projective subvarieties. In the
particular case of a projective hypersurface defined over Q, this notion coincides with the logarithmic
Mahler measure of a primitive defining polynomial [DP99, Mai00], and there is an active line of research
relating Mahler measures with special values of L-functions, see for instance [BZ20]. For example, it
follows from a classical result of Smyth [Smy81] that the height of the projective line C can be computed

as
3V/3
h(C) = ;;L(x_3,2) =0.323065....

for the L-function corresponding to the odd Dirichlet character modulo 3. Indeed, this value also shows up
in our investigations as the limit of the height of P(w) for @ varying in a strict sequence of torsion points
of a certain 1-dimensional algebraic subtorus (Example 8.5) and as the conjectural minimal accumulation
value of the set of heights of P(®) for @ € u2 (Question 9.3).

A formal argument allows to deduce from Theorem 2 the following result, which justifies our previous
observation from the numerical experiments.

Corollary 3 (Corollary 7.8). For each € > 0 we have that

dETMﬂll#{“’ € ug\{(m)}( ‘h(meC) — igg;‘ < e} =1.

Loosely speaking, it asserts that the typical value of the heights corresponding to d-torsion points is
the mentioned rational multiple of a quotient of special values of the Riemann zeta function. Actually, this
property holds in greater generality for strict sequences of finite subsets of torsion points (Theorem 7.6).

Let us now outline the proof of Theorem 2. First we write the height corresponding to a nontrivial
torsion point @ = (®;,@,) of order d as the sum

h(P(0) =Y —— ¥ logmax (|1(@%) — 1, (05 . |(@h) — 1. |u(@) ~11,).  (1.2)
v O ) zrazy

Here (Z/dZ)* denotes the group of modular units and ¢ the Euler totient function, whereas v ranges
over the set of places of Q and 1,: Q < C, is any embedding of Q into the algebraically closed complete
field of v-adic numbers.

In slightly more sophisticated words, the summand corresponding to a place v in the previous height
formula can be viewed as the mean over the v-adic Galois orbit of @ of a certain function on the v-adic
torus G2 (C,) = (C)? having a logarithmic singularity at the point (1,1). Hence to compute the limit
of this height for @ going over a strict sequence of torsion points, we need to prove an equidistribution
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result for an adelic family of functions with logarithmic singularities, with a simultaneous control of all
the v-adic summands.

In our concrete situation, we achieve this by following an elementary approach. On the one hand,
we show that the sum of the non-Archimedean summands in (1.2) can be computed in terms of the von
Mangoldt and the Euler totient functions (Corollary 4.4). This implies that for a sequence of torsion points
with diverging order, the non-Archimedean contribution to the height converges to 0 (Corollary 4.5).

On the other hand, the convergence of the Archimedean summand can be deduced from either the
logarithmic equidistribution theorem of Chambert-Loir and Thuillier [CT09] or from that of Dimitrov
and Habegger [DH24]. However, it is also possible to proceed more directly and deduce this convergence
from basic results about cyclotomic polynomials and the standard equidistribution of Galois orbits of
torsion points of tori (Proposition 5.1). In any case, we obtain that for a strict sequence of torsion points,
the Archimedean summand in (1.2) tends to the integral

(271r)2 /(R/2n2)2 logmax ([e"? —e'!|, "> — 1], |e"" — 1|) duydus.
Taking advantage of the symmetries of the integrand, we compute it as the stated quotient involving
special values of the Riemann zeta function (Proposition 6.1), thus completing the proof.

The results presented so far represent the content of Part I of the article. The approach therein is
explicit and the arguments employed are as self-contained as possible. This whole part requires very little
background, with the purpose of making it accessible to non-experts.

In Part IT we raise the technical level of the exposition to present an interpretation of Theorem 2
from the viewpoint of Arakelov geometry, as developed by Gillet and Soulé [GS90] and extended by
Maillot [MaiO0]. This allows to recover it in a more intrinsic way through the interplay between arithmetic
and convex objects from the Arakelov geometry of toric varieties, studied by Burgos Gil, Philippon and
the second named author [BPS14] and by the first named author [Gual8b].

Arakelov geometry provides a vast generalization of the notion of height, from projective points
to cycles of an arithmetic variety equipped with a family of metrized line bundles. In this context, the
height of a point of P?(Q) with rational coordinates coincides with the (Arakelov) height of its associated
1-dimensional subscheme of the projective plane over the integers IP’% with respect to the canonical
metrized line bundle &'(1)".

Another distinguished metrized line bundle on ]P’% is the Ronkin metrized line bundle mR"“,
constructed from the Ronkin function of xo 4 x; + x,. It is relevant in the study of the Arakelov geometry
of the hypersurface & of IP’% defined by this linear polynomial [Gual8b].

Since these two metrized line bundles are semipositive, arithmetic intersection theory allows to define
the height

h

[}(1)0;1117%}{011(%) S R. (13)

As a consequence of the results in Part I and the metric Weil reciprocity law (Proposition 10.6), we can
show that the limit value in Theorem 2 coincides with this height.

Theorem 4 (Theorem 11.4). Let (;)¢>1 be a strict sequence in G2,(Q) of nontrivial torsion points. Then

gl_ig.lmh(Cﬂ w,C) = hmcan7mkun (7).
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We can reformulate this result in the following suggestive form. Let JP’% be the projective plane
over the integral closure of the integers. For each ¢ > 1 write @y = (@y,;, @y2) with @y 1, @ € Uo, and
consider the 1-dimensional integral subscheme

Z(xo+x1 +x2,x0 + a)gfllxl + a)ZZIxz) C IP’%.
It coincides with the closure of P(@y) in IP’%, and so its height with respect to ¢'(1)°"
height of the point P(@y) (Remark 11.3).
The main result of [Gual8b] shows that the height in (1.3) coincides with the height of the ambient
projective plane with respect to a further Ronkin metrized line bundle (Proposition 12.6). Combining
these results yields the following one.

agrees with the

Corollary 5 (Corollary 12.7). With notation as in Theorem 4,

[ETOO hmm (Z(x0+x1 +x2,%0+ COZIIM + wZZIXZ)) = hmcan’WRon’mRon (P%)-

This limit formula can be considered as a particular case of a conjectural arithmetic analogue of the
classical geometric fact that for a family of n-many line bundles on an n-dimensional algebraic variety,
the cardinality of the zero set of a generic n-tuple of their global sections coincides with the degree of the
variety with respect to these line bundles. Indeed, Corollary 5 shows that a height of the zero set of a pair
of global sections of &'(1) with a certain arithmetic feature approaches a related height of the ambient
space as these global sections becomes more and more “generic”.

Let us give some hints on how to recover Theorem 2 from Theorem 4 through the Arakelov geometry
of toric arithmetic varieties, applied to the case of IP’%. A fundamental ingredient of this theory is the
classification of semipositive toric metrized line bundles in terms of certain concave functions on a vector
space [BPS14]. Within this classification, the metrized line bundle (1) on P corresponds to the
piecewise linear concave function ¥: R?> — R defined as

‘P(ul,uz) = min(O,ul,uz).

On the other hand, we associate to C its Archimedean amoeba <7, that is the tentacle-shaped subset of R2
given as the tropicalization the complex line C(C) (Figure 13.1).

Applying the results of [BPS14, Gual8b] we can express the height in (1.3) in terms of convex
geometry (Proposition 12.6). Combining this with the results of Passare and Rullgard on Ronkin
functions and their associated Monge—Ampere measures [PR04], we deduce the following relation
between the considered height and the average of the concave function ¥ on the amoeba 27

Theorem 6 (Corollary 14.3). With notation as above,

1

hﬁ(])can,mRon(%) = —W /le}l(u]7u2) duldu2.

Finally we compute the integral in this equality (Proposition 13.2) and thus recover Theorem 2 from
Theorems 4 and 6.
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Summing up, this article deals with a specific problem that is both suitable for a down-to-earth
analysis and for numerical experimentation, as well as appearing as an instance of a much more general
situation.

The concreteness of the results in Part [ allows for an elementary and self-contained treatment that
requires little background in algebraic geometry and number theory. Moreover, the considered problem is
well-suited for computations that allow to visualize the results and to suggest further questions, as done
in Section 9.

Placing the problem within the context of Arakelov geometry as in Part I, our investigation takes a
deeper connotation, pointing towards an asymptotic version of the arithmetic Bézout theorem. Indeed,
after Corollary 5 it seems reasonable to expect that the limit of the height of the solution set of a system
of polynomial equations sharing a certain arithmetic feature coincides with a height of the ambient space,
see for instance Conjecture 12.8. After this article was accepted for publication, this fact was established
for systems of two polynomial equations by the authors in [GS24] and in the general case by Destic,
Hultberg and Szachniewicz in [DHS24].

In a more speculative spirit, it would be also interesting to explore whether some of these toric heights
can be linked to integrals of piecewise linear functions over amoebas like in Theorem 6, and try to
compute them in terms of special functions.

Part I
An elementary approach

This part is dedicated to the proof of our main results. We start in Section 2 by setting the notation and
recalling the principal actors of our statements, like strict sequences of torsion points of algebraic tori and
the height of a projective point. In Section 3 we give a sharp bound for the height of the intersection of the
projective line defined by the linear polynomial x¢ + x| + x» and its translate by a nontrivial torsion point.
The following four sections culminate with Theorem 7.1, which shows that the limit of such heights
for torsion points in a strict sequence can be computed in terms of special values of the Riemann zeta
function. In Section 7 we also extend this result to strict subsets of torsion points, to show that most of
the corresponding heights concentrate near that limit value.

The treatment throughout is down-to-earth and as self-contained as possible, except maybe for
Section 8, which might be skipped at a first read. Its goal is to extend the previous study to torsion
points in proper subgroups of the 2-dimensional torus. Finally, Section 9 illustrates the results through
numerical calculations and graphical plottings made with the SageMath notebook [GS22] accompanying
this article.

2 Preliminaries

Here we discuss some of the basic constructions and properties concerning algebraic tori and canonical
heights on projective spaces. Our treatment is far from being complete, and we refer the interested reader
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to [BGO6, Chapters 1 and 3] for the proofs and more details about the explained facts.

We denote by Q an algebraic closure of the field of rational numbers Q. For an integer d > 1 we
write g for the subgroup of Q" of d-roots of unity, and u; for its subset of primitive d-roots. We also
denote by U the subgroup of @X of all roots of unity.

For n > 1 we denote by G”,(Q) = (Q™)" the n-dimensional (split, algebraic) torus over Q. It is a
group under coordinate-wise multiplication, with torsion subgroup equal to u.. Ford > 1 and § € ug,
each d-torsion point @ € p; of this torus can be uniquely written as

®=({,...,(m) @.1)

with ¢; € {0,...,d — 1} fori=1,...,n. Its order is ord(®w) = d/ gcd(c1, . .., cn,d).

Given an algebraic subset V of G (Q), a sequence (¥)¢>1 in V is strict if it eventually avoids any
fixed algebraic subgroup H of this torus not containing V/, that is, if there is ¢y > 1 such that y, ¢ H for
all £ > £y. Our main case of interest is V = G” (Q).

For each vector a = (ay,...,a,) € 7" we denote by x“ the corresponding character, so that for

Y= ",...,T) € GL(Q) we have that

Any proper algebraic subgroup of G (Q) is contained in an algebraic subgroup of codimension 1, which
are those defined by a binomial of the form x“ — 1 with a € Z"\ {(0,...,0)}. Hence a sequence (7)¢>1
in G2 (Q) is strict if and only if for every such a there is £y > 1 with

x‘(w)#1  forall £ L. 2.2)

We denote by P"(Q) the n-dimensional projective space over Q. For a homogeneous polynomial
fe @[x(h .-, Xn] we denote by Z(f) the algebraic subset of this projective space that it defines, and for
y € G2 (Q) we consider the twist of f by 7y, which is the homogeneous polynomial y*f € Q[xo, ..., X,]
defined as

,)/kf(x(% o 7xn) = f(x07y1x17' . '7Yﬂxn)'

For y € G? (Q) we also consider the associated translation map

P(Q) —P'(Q), ¢=[G0:61: &l — 76 =[S0:N& MG (2.3)
The translation by ¥ of the zero set of f coincides with the zero set of the twist (y~!)*f, that is
YZ(f) =Z((r ') ) (2.4)

We next recall the basic notations and properties of canonical heights in projective spaces. We denote
by Mg the set of places of QQ, that is the set of equivalence classes of nontrivial absolute values on this
field with respect to the topology that they define. By Ostrowski’s theorem, these places are represented
by the usual Archimedean absolute value on QQ and by the p-adic ones as p ranges over the primes of Z,
and so Mg can be identified with the set made of the symbol oo and these primes. For each v € Mg we
denote by | - |, its representative, and by Q, the completion of Q with respect to this absolute value. When
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v = oo this complete field coincides with the field of real numbers R, whereas when v = p is a prime it is
the field of p-adic numbers.

More generally, for a number field K we denote by Mk the set of its places. For each w € Mk there
is a unique v € Mg such that | - |, extends to a (unique) absolute value on K in the equivalence class
of w, a relation that is indicated by w | v. We denote by |- |,, this absolute value on K, and by K, the
corresponding completion of K. For each v € M, the set of places of K extending v is finite and moreover
the sum of the corresponding local degrees coincides with the degree of the extension:

Y Ky:Q)=[K:Q] (2.5)
wlv
Letnow & = [&y: -+ : &,] € P"(Q). For each v € Mg, the v-adic height of the vector of homogeneous
coordinates of this projective point is defined as
(K : Q)]
h . =) ——1 .
v(&O» ?&n) ;} [KQ] Ogmax(‘§0|W7 a|§n|W)

for any number field K containing all these coordinates. Its value does not depend on the choice of this
number field, and it vanishes for all but a finite number of v’s. The (canonical) height of & is defined as
the sum of these local heights:

h(&)= ) h(o..... &) (2.6)
VEMQ
Thanks to the product formula, its value does not depend on the choice of homogeneous coordinates.
In general h(&) > 0 and, by Kronecker’s theorem, h(£) = 0 if and only if the point can be written as
E=1[&:--: &, with §; equal to either O or a root of unity.

Remark 2.1. The height of a projective point is a measure of the complexity of its representation. For
instance, if the point & is rational we write it as & = [ : - - - : &,] with coprime integer &;’s and the formula
in (2.6) boils down to

h(¢) =logmax([Gole, . -, Gnlw),

which gives the maximal bit-length of these integers.

We next give a Galois-theoretic formula for the local heights of the vector of homogeneous coordinates
. . . —_ —n+1
of a projective point. Set & = (&,...,&,) € Q" and let

O(8) =Gal(Q/Q)-E

be the orbit of this vector under the coordinate-wise action of the absolute Galois group of Q. It is a finite
subset of Q.

For each v € Mg we choose an algebraic closure of the complete field Q,, and we denote by C, its
completion with respect to the unique extension of | - |, to it. This field is both algebraically closed and
complete with respect to the induced absolute value, that we also denote by |- |,.

We also choose an embedding

,: Q—C,, 2.7
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which induces an embedding @n+l < C™*! that we denote with the same symbol. The v-adic Galois
orbit of Z is then defined as the image of O(Z) under it, namely

O(E)v - lv(O(E))'

It is a finite subset of C"*! with the same cardinality of O(Z), and which does not depend on the choice
of 1,.

Proposition 2.2. Let £ € P*(Q) and E € @Hl a corresponding vector of homogeneous coordinates.
Then for each v € Mg

1
h,(8) = — Z logmax(|Aoly,---,|Anlv)
#O(E)y o),
and so |
hE) = o L L loemax(lAolu...[Ad).

vEMg A€O(E),

In particular, the height is invariant under the action of the absolute Galois group of Q.

Proof. Let K C Q be a finite Galois extension of Q containing all the coordinates of Z, and denote by G
its Galois group. For v € Mg denote by Mk , the set of places of K extending v, and by wyg € My, the
place represented by the absolute value on K induced by the absolute value of C, through the embedding
1, in (2.7).

The group G has an action on the finite set M ,, that can be defined by considering for each pair
o € G and w € Mg, the place o(w) € Mk , represented by the absolute value on K given by

la|ow) = |o(a)]w Yo eK.

By [Neu99, Chapter II, Proposition 9.1], this action is transitive.

The Q-automorphism ¢: K — K extends to a Q,-isomorphism K, — K, and so [Ks(,,) : Q)] =
[K,, : Q,]. Since the action is transitive, the local degrees corresponding to the places in Mk, coincide.
By the formula in (2.5), this implies that

Ky : Q] 1

K:Q]  #Mg,

Moreover, by the orbit-stabilizer theorem one also has that #My ,, = #G/#G,,, where G,,, denotes the
stabilizer of the place wy. Writing & = (&, ..., &,) we have

ho(E)= ).

WGMK,V

1
#G

10ng‘c.lX|€jlw= Zlogm?XIéjlowo)-

#M v oG

On the other hand, G also acts transitively on the Galois orbit of & and so

1 I #Gs

#0(Z), #O(E) #G '
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where Gz is the stabilizer of this vector. Hence

1 1
7 ) logmjax\éj\g(wo) =3 Y logm?x\(lvod)(é,')]v

ceG ceG

1
_ L logmax A,
#0O(E), Aeg(’z)v jo

proving the first statement. The other claims follow directly. O

Remark 2.3. A version of this result in the more general setting of Arakelov geometry appears in
[BPRS19, Proposition 2.3].

3 The range of the height
In this section we start our study of the height of the intersection of the line
C=Z(xo+x1+x)C Pz(@)

with its translate @C by a torsion point @ of G2,(Q). As in (2.4), this translate coincides with the zero set
of the twist by @' of the linear polynomial xo +x; + x», that is

oC =Z(xo+ wflxl + w{lxg).
Hence the intersection C N @C coincides with the solution set of the system of linear equations
X0+ x1+x2=x0+ a)l_lxl + w2—1x2 =0.
When o is nontrivial, that is when @ # (1, 1), it consists of the point
Plo)=[a,'—o; :1-0;" 0" — 1] € PX(Q). (3.1)
Its height depends nontrivially on @, as the next example shows.
Example 3.1. Ford > 2 let { € uJ be a primitive d-root of unity, and consider the torsion point w; =

(¢, £?). The corresponding intersection point can be written as P(wy) = [1 : —1 — ¢ : £], and the Galois
orbit of the vector of these homogeneous coordinates is

{(1, -1 [ ke (z/dz)"}.

This is a finite set of cardinality ¢(d), where @ is the Euler totient function.
For every prime p and every k € (Z/kZ)* we have that

‘lp(ckﬂp =1 and ‘lp(ck"‘ D], = |lp(Ck)+ I, <1
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because of the ultrametric inequality for the p-adic absolute value. Hence the formula for the height of
P(®,) from Proposition 2.2 reduces to its Archimedean contribution, namely

h(P(@) = —— Y logmax(l, [/ 4+ 1..)
?(d) ye(trdz)*

— Y logmax(1,1/2+2cos(27k/d)).

h(P(@) = h(P(@) =0, h(P(@y) = Jlog(2). hip(as) = jlog

3+2\5>7

The main result of this section is the following, in which we establish the range of values of the height
of the intersection point P(®) and determine the extremal cases.

Proposition 3.2. Let @ € G2 (Q) be a nontrivial torsion point. Then the corresponding height satisfies
the inequalities 0 < h(P(w)) < log(2). The lower bound is attained exactly when

® € {(1,0),(5,1).(£.0) | { € e\ {13} U{(C,6) [ € s,

whereas the upper bound is attained exactly when

o< {(—1,8),(&,—1),(8,—&) | § € oo with ord({) # 2X for all k > 0}.

Before proving the proposition, we choose the vector of homogeneous coordinates of P(®) given by
Pw)= (07 o 1—w; o' —1) e Q. (3.2)
The next lemma gives a formula for its local heights.
Lemma 3.3. Set d = ord(w). Then for each v € Mg we have that
1

hy(P(w)) = —— Z 10gmax(|lV(w§)_IV(CO{C”V"IV((‘);)_1|Va|l\/(w{€)_1|V)v
(d) ke(Z/d7)*

S

where 1, is the embedding in (2.7).

Proof. Both m; and @, are contained in the d-th cyclotomic extension of @@, and so are the coordinates
of P(w). Hence the Galois orbit of this vector coincides with its orbit under the action of the Galois
group of this cyclotomic extension. The latter is isomorphic to (Z/d Z)*, and by (2.1) the action of each
element k of this group maps @; to ®* for i = 1,2. Hence the Galois orbit of P(®) writes down as

O(P(w) ={(0y" oy, 1 -0y " 0" 1) [k € (Z/dZ)*}
= {(0} — of 1 - &%, 0f —1) | k€ (Z/dZ)"}.

The elements in this last set are pairwise distinct as k ranges in (Z/dZ)*. Indeed any element k in the
stabilizer of P(®) has to satisfy ®* = @ and then it must be trivial in (Z/dZ)* as a consequence of the
hypothesis that @ has order d. The statement then follows from Proposition 2.2. O
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We will need two further auxiliary results. The first is the classical formula for the value of a
cyclotomic polynomial at 1, which will also play an important role in Sections 4 and 5. Its proof is
elementary and can be found in [Lan94, page 74].

Lemma 3.4. Ford > 2 let ®; be the d-th cyclotomic polynomial. Then

®y(1) = p ifdis a power of a prime p,
aT 1 otherwise.

The second auxiliary result gives the p-adic distance of a root of unity to the point 1.

Lemma 3.5. Let p be a prime and d > 2. Then for all { € j; we have that

p~ Ve ird is a power of p,
[1p,(8) — 1], = :
1 otherwise.

Proof. The Galois conjugates of { are the elements of the form (¥ for k € (Z/dZ)*. For each k we have
that ¥ — 1 = ({¥14---4+1)({ — 1) and so the ultrametric inequality implies that

|lp(ck) =1, < [1p(8) = 1.

By symmetry, the reverse inequality also holds. Hence 1,($¥) — 1], = |1,({) — 1|, for all k, and so

14,(8) = 18 =TT 1 (&5 — 1], = [@a(1)],-

k

The result follows then from Lemma 3.4. O]

Proof of Proposition 3.2. The lower bound comes from the fact that the height is nonnegative. By
Kronecker’s theorem, the height of P(®) vanishes if and only if this point can be written as [ : & : &]
with §; € .. U{0} for all j. The determination of such points in C implies that the considered height is
equal to 0 if and only if

P(@)e{[1:=1:0],[1:0:=1],[0:1:=1]} or P(w)e{[1:{:E*|Ceus}.

A comparison with the explicit form of P(®) in (3.1) shows that the first alternative holds if and only if
o is equal to (1,8),(£,1) or (£, &) with ¢ € u..\ {1}. For the second, we have that P(®) = [1:  : {?]
with § € p3 if and only if

1— wz—l —1

—1

—1
— - =0 (3.3)
W, —

-1 ~1
0, —0  #0, R E—
W, —o

=¢

This implies that 1 + ;' + %@, ' =0and so [1: {o; ' : {%w; '] € C(Q). Our previous knowledge
of the points of C with homogenous coordinates that are roots of unity implies that either w; = @, =1
or w; = {2, @, = {. Since the second possibility is the only one satisfying the conditions in (3.3), this
proves our claim concerning the points of C attaining the lower bound.
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Now let v € Mgp. Using the fact that [1,(®;)|, = [1,(@»)|, = 1 for every v, the triangular inequality
when v = o and the ultrametric inequality otherwise, we deduce from Lemma 3.3 that

log(2) ifv=reo,

3.4
0 if v £ oo, GD

hy, (P(@)) < {
which readily implies the upper bound.
This upper bound is attained if and only if all the inequalities in (3.4) are in fact equalities. When v = oo,
this requirement forces in particular that the summand for k = 1 in the formula in Lemma 3.3 coincides
with log(2), which happens if and only if @ is of the form

(_LC)? (Cv_l) or (Cv_C) with C € Uoo. (35)

These torsion points have even order and so the indexes in that formula are necessarily odd numbers,
which implies that all the summands coincide with log(2). We conclude that for the Archimedean place
the inequality in (3.4) is an equality exactly when @ is of the form described in (3.5).

Set d = ord({). To realize the upper bound, for each of the above possibilities for @ we have to
furthermore ensure that for every prime p we have that

max(|2(p, [tp(8) = 1, 15, (C) +1],) =1 forallk € (Z/dZ)*.

This is nontrivial only when p = 2, in which case it is equivalent to the condition that |1 (%) — 1], = 1
for all k, because of the ultrametric property. When d = 1 this condition fails, whereas when d > 2 it
holds exactly when d is not a power of 2, by Lemma 3.5. This completes the proof. O

Remark 3.6. In the more general context of Arakelov geometry, the results of [MS19] and [Gual 8a,
Chapter 5] provide upper bounds for the height of a complete intersection. However, neither of them is
sharp in our particular situation.

4 The negligibility of the non-Archimedean heights

We now turn to our main object of study, that is the limit value of the height of the intersection of the
line C with its translates by torsion points in a strict sequence. Here we focus on the non-Archimedean
contribution to these heights, achieving an explicit expression for it.

We first notice that these non-Archimedean local heights can be nonvanishing. In fact, for any
non-Archimedean place of Q it is easy to construct choices of @ for which the corresponding local height
is nontrivial, as the next example shows.

Example 4.1. Let p be a prime and € p;. Then by Lemmas 3.3 and 3.4,

_ b o ky 11 — log |@, (1)l _ 710g(l9)
h, (P(C,1)) = ) ke(z%z)xl glt,(C%) =1, P FE

However, the situation emerging from this example already contains the worst possible behavior of
these non-Archimedean local heights, as their explicit computation in the next proposition makes evident.
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Proposition 4.2. Let ® € G2, (Q) be a nontrivial torsion point and p a prime. Then

_ log(p)
hy(P(w) =9 P p=1)

0 otherwise.

if ord(@) = p" for some r > 1,

Before proving this proposition, we give an elementary lemma.

Lemma 4.3. Let (F,|-|) be a field equipped with a non-Archimedean absolute value. Then for all ¢ € 7>
and d € 7>y such that gcd(cy,c2,d) = 1 and all primitive d-root of unity § in F we have that

max(|C —1],[8% —1]) = [£ —1].

Proof. Since ( is a root of unity, its absolute value is equal to 1. It follows from the ultrametric inequality
that [{¢—1| = |£¢ 1 +---+1|| —1]| < | —1] for every e > 1. As the same inequality holds for e < —1
because of the relation |{¢ — 1| = | ¢ — 1| and it also holds trivially for e = 0, we have that

C6—1|< | —1| foralleeZ. @.1)

Therefore, max (| —1|,|{2 —1]) < |{ —1].
Else, since gcd(cy,c2,d) = 1 there is b € 7Z? such that byc; +bycy = 1 (mod d). This implies that
¢ —1=¢Pe(gher —1) 4¢P — 1), which by the ultrametric inequality and (4.1) ensures that

€= 1] < max (g™ — 1], [£% — 1]) < max(|¢ — 11,2 — 1),
completing the proof. 0

Proof of Proposition 4.2. Set d = ord(®); since @ is nontrivial, we have that d > 2. Choose { € u;.
As @ € p2, by (2.1) there is ¢ € Z* with ged(cy,c2,d) = 1 such that

® = (67, 8%).
The ultrametric inequality together with Lemmas 3.3 and 4.3 then implies that
1
h,(P(w)) = leogmax (‘lp(gkcz) - lp(ckq”p, ‘lp(ckcz) —1p, |lp(Ckcl) - 1|p)
k
1
= —— Y log[1,(8") — 1],
¢(d) Zk: 3 3
Therefore the statement follows from Lemma 3.5. O

Summing over all finite places, Proposition 4.2 shows that the full non-Archimedean contribution to
the height of P() is always nonpositive and that moreover it vanishes precisely when the order of @ has
at least two different prime factors. Instead, if ord(®) = p” for some prime p and r > 1, this part of the
height of P(w) is equal to

log(p)
pHp=1)
We can record these different cases in a compact way, as follows.
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Corollary 4.4. For every nontrivial torsion point ® of G2 (Q) we have that

A(ord(w))

_ N
veMg{m} n(P(@)) = ¢(ord())’

where A denotes the von Mangoldt function.

In turn, this result implies that the non-Archimedean contribution to the height of P(®) approaches to
zero when ord(®) is large.

Corollary 4.5. Let (ay)s>1 be a sequence of nontrivial torsion points of G2,(Q) with lim_, . ord( ;) =
+oo, Then
lim ) h(P(ax))=0.
7 vebig) (=}

Proof. By Corollary 4.4, we can reduce without loss of generality to the case when ord(ay) = p;’ with
pe aprime and rp > 1 for all £. Then the sum of the non-Archimedean local heights of the vector P(awy)
is, up to sign, equal to

log(p))  pe log(py) pe  log(ord(ay))

P N pe=1)  relpe=1)  pf re(pe—1) ord(ay)

Since the first factor in the right-hand side is bounded, this quantity tends to 0 whenever £ — +oco. [

5 The limit of the Archimedean height

Having computed the non-Archimedean contribution to the height of the intersection of the line C with
its translate by a nontrivial torsion point, we turn to the limit behavior of its Archimedean counterpart for
strict sequences of such points.

Set for short | - | = |- |. We denote by

S=(8")?={ze (C)|la] = || =1}

the compact torus of the complex torus G2,(C) = (C*)? and by v its probability Haar measure. Consider
the function

F: (C*)? — RU{—o}, z+—logmax(|zz—zil,]z2—1|,|z1 — 1]). (5.1
Consider also the co-tropicalization map
cotrop: (C*)* — (R/27Z)%, z+— (arg(z)),arg(z2))
and the function
[ (R/27Z)* — RU{—o0}, ur— logmax (|2 —e™|,[e"2 —1|,]e" —1]). (5.2)

The direct image measure cotrop, v coincides with the normalized Lebesgue measure on (R/277)?, and
the inverse image cotrop® f coincides on S with the restriction of F'.
The next result is an asymptotic Archimedean counterpart of Corollary 4.5.
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Proposition 5.1. Let (ay);>1 be a strict sequence in G2 (Q) of nontrivial torsion points. Then

1
lim ho (P = [ Fdv=—— duirdu-.
Jim e (P(a) /S V= G /(R/m)zf(u) urduz

For its proof, we need the next lemma. Given d,e > 1 with e | d, consider the associated reduction
homomorphism between the respective groups of modular units

Tae: (Z)dZL)" — (Z)eZ)™.

Letd =], p'» and e =[], p*» be their respective irreducible factorizations. Under the splitting given by
the Chinese reminder theorem we can write

ﬂd7e = @Tcpmypsp, (53)
p

where 70, o0 i (Z/p"rZ)* — (Z/p*rZ)* denotes the corresponding reduction map.
Lemma 5.2. The homomorphism 7, . is surjective.

Proof. The splitting in (5.3) allows to reduce to the case in which d = p” and e = p® with r > s > 0. The
statement follows then from the fact that an element k£ € Z is a unit modulo p” if and only if it is a unit
modulo p*, since both conditions are equivalent to p 1 k. O

In the setting of Proposition 5.1, for each £ > 1 Lemma 3.3 shows that the Archimedean local height
corresponding to the torsion point @y is written down as

q,(ldf) LF(e(@})) (54)

with dy = ord(wy) and k ranging over the elements of (Z/d,Z)*.
Consider the uniform probability measure on the co-adic Galois orbit of @y, that is the discrete measure
on the compact torus defined as

he(P(ay)) =

_ L ys (5.5)

0 = ks
O(@¢)eo o(d)) ; Lo (@F)
where each 5100( ) denotes the Dirac delta measure on the corresponding point. Then the formula in (5.4)
can be written as

he(P(ar)) = /S Fddoa).. (5.6)

It is well-known that the sequence of probability measures in (5.5) converges weakly to the probability
Haar measure v as £ — +oo. Precisely, for any bounded and v-almost everywhere continuous real-valued
function ¢ on S,

lim /S 0 dSo(ay). = /S ddv. (5.7)

{——+oo0

When ¢ is continuous, this is a particular case of Bilu’s equidistribution theorem for the Galois orbits of
points of small height [Bil97], whereas its extension to the situation when ¢ is just bounded and v-almost
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everywhere continuous follows from general results of measure theory like [CT09, Lemme 6.3]. But
since the limit in (5.7) concerns torsion points and not arbitrary points of small height, it can also be
proven in an elementary way using classical facts on Gaussian exponential sums, as it is done for its
quantitative version in [DH24, Proposition 3.3].

In view of (5.6), Proposition 5.1 can be seen as an equidistribution result for a test function ¢ that is
continuous everywhere except at the point z = (1, 1), where it has a logarithmic singularity. Hence it is a
particular case of both Chambert-Loir and Thuillier’s logarithmic equidistribution theorem for Galois
orbits of points of small height [CT09], and of Dimitrov and Habegger’s logarithmic equidistribution
theorem for Galois orbits of torsion points of algebraic tori [DH24]. In spite of that, we give here a simple
proof relying solely on the more classical equidistribution theorem in (5.7) and on the formula for the
value of a cyclotomic polynomial at 1.

Proof of Proposition 5.1. For each £ > 1 set dy = ord(wy) and e, = ord(wy,; ), the latter being a divisor
of the first. Since the sequence (@y)> is strict, the condition (2.2) implies that
lim ey = +oo. (5.8)
{—+oo0
Consider the function G: (C*)? — RU{—oo} defined as G(z) = log|z; — 1|. Its integral with respect
to the measure Vv is the logarithmic Mahler measure of the polynomial z; — 1, and Jensen’s formula

applied to it shows that this quantity vanishes. On the other hand, its integral with respect to the discrete
measure in (5.5) can be computed as

1
Gdés = log | tee (0 1 ) — 1
/S 0(@)e o(dy) kE(Z%[Z)X g [ oo ( f,l) ‘
1
= 10g |teo(@yp)F = 1] = log|®,,(1)|.
(p(EE) kG(Z%Z)X ’ ( '1) | (P(ee) ’ 1,( )‘

The second equality follows from the fact that the summand indexed by an element k € (Z/d,;Z)* takes a
value that depends only on its image under the reduction homomorphism 7, ,,, which by Lemma 5.2 is
surjective with fibers of cardinality ¢(d;)/¢(e¢). Hence Lemma 3.4, together with (5.8) and the same
argument in the proof of Corollary 4.5, implies that

lim / Gd8p(ay). = 0= / Gdv. (5.9)
(—too s Js

Now let (Uy,)m>1 be the nested sequence of neighborhoods of the closed subset {z € S|z; =1} of
the compact torus defined as

m

Uy = {zeS larg(z1) € <—,711,1> (mod 27:)}.

Since both F and G are continuous outside that closed subset of S, for each m > 1 the equidistribution
theorem in (5.7) shows that

Gdv. (5.10)

oo

tim [ FdSp).= [ Fav, lim [ Gdsy,
e s\ (=00 JS\U,, ‘ S\Un

l—r+o0 JS\U,,
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The second limit in (5.10) together with that in (5.9) implies that

Zgrfm/U GdBo(ay. == lim | Gddo). == [ Gdv= de. (5.11)
m \U S\Um

We have that G(z) < F(z) <log(2) for all z € S and so for each ¢ > 1,

/ GdSo(a). / FdSo(a). / 102(2) do(ay).. (5.12)

We deduce from (5.10), (5.11) and (5.12) that

/ de+/ Gdv < 11m1nf/Fd50 (@)
S\Upn

< limsup/Fdﬁo(w[)W < Fdv+1og(2)v(Un).

The first equality in the statement follows taking the limit for m — oo, using that lim,,_, 1o V(U,,) =0
and the absolute continuity of the Lebesgue integral, whereas the second is a direct consequence of the
first together with the change of variables formula. 0

6 Computing the integral

Next we compute the integral giving the limit of the Archimedean heights of the vectors P(cy) for a strict
sequence of nontrivial torsion points (Proposition 5.1), namely

1 . . . .
=— logmax (|e"2 —e"™|, e —1],|e" — 1|) duidus,.
(2n)? /(]R/znZ)Z gmax (| N N |) durduy
More precisely, we will prove the following.
2
Proposition 6.1 7= 220) — 0.487175. ..
3¢(2)

We will exploit the existing symmetries to simplify the calculation of this integral. To this end,
consider the linear automorphisms of R? given as

o(ur,uz) = (uz,u1), Bur,uz) = (—uz,uy —u2), Y(ur,up) = (—ur, —ua). (6.1)

Since they restrict to automorphisms of the lattice (2777Z)2, each of them also induces an automorphism
of the quotient space (R/277)2, that we denote with the corresponding overlined letter. We set H for the
group of automorphisms of (R/277Z)? generated by them.

Recall that a fundamental domain for the action of H on (R/277)? is a closed subset of (R/277)?
whose translates by elements of H cover this space, and such that the intersection of any two different
translates has empty interior.

For what follows, denote by D the triangle of R? with vertices (0,0), (7,0) and (47/3,27/3), and
by D its image in (R/277Z)2. Set also f for the integrand of I, which coincides with the function in (5.2).
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Proposition 6.2. The automorphism group H satisfies the following properties:
1 H={a" B2y |er,e3 € {0,1}, 2 € {0,1,2}},
#H = 12,

the set D is a fundamental domain for the action of H,

N owobN

the Lebesgue measure on (R/2x7Z)? is invariant under H,

“

the function f is invariant under H,

=)

. for each u € D we have that f(u) = log|el* — 1.

Proof. The generators of H satisfy the relations
@=p=7=1, ya=ay. 7p=Py, Ba=ap’

The last three imply that all the elements of H are of the form &' B2 7> with e}, es,e3 > 0, whereas the
others give the stated upper bounds for these exponents, proving (1).
To prove (3), note that the action of 8 on the nonzero vertices of D is given by

(1.0) == O.1) = (-mm), () - () - (F ).

The actions on R? of ¢ and 7 are both easy to visualize, since these linear maps are the symmetries with
respect to the diagonal line and to the origin, respectively. The first picture in Figure 6.1 describes the
action on D of these three linear maps and their compositions, whereas the second shows these regions on
the quotient space (R/277Z)2, represented by the square [0,27]> with opposite edges identified.

- 7D
apb
ByD n -
By aB?b
B2p / apb
_ B27D

ab

ap2yb )

BD
D apybD

Figure 6.1: The action of H on the fundamental domain D

This second picture shows that the only product &' B¢ 7 with e1,e3 = 0,1 and e, = 0, 1,2 that fixes
D occurs when e = ey = e3 = 0. This proves (2). The statement in (3) can also be checked from the
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picture: the translates of D by the elements of H fit in (R/277Z)? like the pieces of a puzzle. Hence these
translates cover the whole of the space, and the intersections of any two different translates has empty
interior.
To prove the statement in (4), note that the linear automorphisms in (6.1) preserve the Lebesgue mea-
sure of R? because their determinants are equal to 1, and so do the induced automorphisms of (R/277Z)?.
For (5), consider the functions on (R/27Z)? defined as

¢1(u) — ’eiuz _eiu||’ %(u) — ’eiul o 1‘7 ¢3(u) — |eiuz _ 1"

They are invariant under ¥, whereas & leaves invariant ¢ and exchanges ¢ with ¢z, and 8 makes a cyclic
permutation. We have that f = logmax (¢, ¢,, ¢3) and so this function is invariant under H.
Finally, note that |e'* — 1| = y/2 —2cos(s) and so for s,s" € [0,27],

e — 1| < |e — 1| ifand only if s < s’ <27 —3s. (6.2)
On the other hand, a point u € R? lies in D if and only if it satisfies the inequalities
uy >0, u —2ury >0, up—2u+2x>0.

In particular, u; — uy € [0,27] for every u € D. These inequalities imply those in (6.2) for s’ = u; and
s = uy — up,uy. Hence ¢, > ¢, ¢3 on D, which proves (6). L]

We also need the next integral formule.

Lemma 6.3. The following equalities hold:

1. / slogle” —1|ds = - (3),
0 4

4
3 . 11

2. /’ (47— 3s)log|e™ — 1| ds = — £(3).
b4 12

Proof. Let 0 < € < 7. The Dirichlet-Hardy test for the convergence of series [JJ56, page 42] implies that
the sequence of partial sums Y5, e'**/k, £ > 1, converges uniformly on the interval [¢, 7] to the principal
determination of —log(1 —e'*). Hence the sequence

)4 eiks
Re 27, (>1, (6.3)

k=1

converges uniformly on this interval to the function —log|e'* — 1|. This implies that

d is 1 & iks
/gslog|e1 —lds:—ZkRe</g se! ds). (6.4)

k>1

For each k > 1, integration by parts gives

/:se”“ds = ilk([seiks}:—/:eiksds> = %(n(—l)k —gelke i((—l)k —eikg)).
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We deduce from (6.4) that
d is ike 1 1k6 k
/8 slog|e —1\ds_§ (ﬁl () + 5 (Re() = (1) )).

Taking the limit € — 0 we obtain that

T . 1 (
/O slog|e”—1]ds:zk7—2zk2

k 24k
1 1 1

=2 — (1 - f) =2

(i Zi) =20 )ri=1¢
proving (1). For the formula in (2), we deduce from the uniform convergence of the sequence in (6.3) that

i . 1 5 ;
/ (47 —3s)logle™ —1|ds =Y L Re (/ " (41 —3s) e‘ksds) . (6.5)
T k T

For each k > 1, integrating by parts now gives

4n 4in An

S Ay aiks go L iks] 3 /3 iks

/ﬁ (4m —3s)e ds—ik([(4n 3s)e } 3] e ds)
_ 1 ko 3k k
= (=m0 = (1))

withp:ei%n :_71 % By (6.5), we conclude that

4rn

/ (47 —3s)log|e’® — 1|ds—32 Re(ph) — (—=1))
1 11
—3(zk3 e Latlp)

3|k 3tk 2/k 24k
3 1 1 1 1
:3<23Z|k'k3_2§'k3_2;;k3+;k3>
(333721 Ex
11
=150
as stated. O

Proof of Proposition 6.1. Proposition 6.2, together with Fubini’s theorem, implies that

12 ‘ 12 (% 3u
I:W/Dlog|elul_1duldu2:(27f)2/0 rnm(2 2%—71>log|e‘”1—1\du1.
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By Lemma 6.3, this quantity is equal to

12 /17 111
ar(3380310) = =55

thanks to Euler’s formula {(2) = 72 /6. O

7 The distribution of the height

Finally we can join together the different pieces from the previous sections to obtain our first main result.
Set for short
_2603)

= — - =0.487175....
=320

Theorem 7.1. Let ()= be a strict sequence in G2 (Q) of nontrivial torsion points. Then

lim h(CNnw/C) =n.
Jim h(CNeC)=n
Proof. This follows readily from the definition of the height in (2.6) together with Corollary 4.5 and
Propositions 5.1 and 6.1. O

The following questions are natural in this context.

Question 7.2. Is it possible to obtain a quantitative version of Theorem 7.1? This is understood as an
estimate, for a given nontrivial torsion point ®, of the discrepancy between the height of C N wC and
the limit value 1 in terms of the strictness degree of @, that is, the minimal degree of a 1-dimensional
algebraic subgroup containing it.

Question 7.3. Can Theorem 7.1 be extended to points of small height? It would be interesting to prove
(or disprove) that its conclusion holds for a strict sequence in G2 (Q) of points whose height converges to
zero, but are not necessarily torsion.

After this article was accepted for publication, both were affirmatively answered: Question 7.2 by
Lin in [Lin24] and Question 7.3 by Destic, Hultberg and Szachniewicz in [DHS24].

The notion of strict sequence of points can be extended to include the finite subsets that appear
naturally when doing statistics on the values of the height, as follows.

Definition 7.4. Let V be an algebraic subset of G”,(Q). A sequence (E;);> of nonempty finite subsets

of V is strict if for every algebraic subgroup H C G, (Q) not containing V we have that

#E/,NH
lim M

=0.
{—>+o0 #Eg

The situation of interest in this section is the case V = G, (Q). The criterion in (2.2) can be extended
to this setting: a sequence (Ey);> is strict in G, (Q) if and only if we have that

i FENKer(x))

= for all 7" . 7.1
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Example 7.5. The sequence of the sets of d-torsion points p? of G%(Q) is strict. Indeed, for each
a€7"\{(0,...,0)} and d > 1 we have that

#(ug N Ker(x)) _ #Ker (x| ) 1 _ged(ay,. .. ap,d)

) #uy #Im(ry) d ’

(7.2)

where the last equality comes from the fact that the image of u} under x is generated by { ged(ar,-,an) for
any primitive d-root of unity {. Hence the quotient in (7.2) tends to O when d — +-oo. Since this holds
for every a, the criterion in (7.1) implies that the sequence (1}) >1 is strict.

We next extend Theorem 7.1 to compute the typical value of the height of the intersection of the line
C with its translates by the torsion points in a strict sequence of nonempty finite subsets.

Theorem 7.6. Let (W;)y>1 be a strict sequence of nonempty finite subsets of G2 (Q) of nontrivial torsion
points. Then for each € > 0 we have that
- #HocW,||h(CNnwC)—-n|<e}

li
L—oo #W,

1.

1
M. lim — h(CNnwC) =n.
oreover lim w, L, ( )=n

This is a consequence of the previous results and the following general transfer principle.

Lemma 7.7. LetV be an algebraic subset of G (Q). Let (E;)s>1 be a strict sequence of nonempty finite
subsets of V, ¢ a real-valued function on \J,> E; and K a real number such that for every strict sequence
(V0)e>1 in'V contained in this union we have that limy_, 1. ¢ () = k. Then

# E — €
1. for each € > 0 we have that lim {reEfloty) —xl <&} =
=00 #E,

1
2. if ¢ is bounded on \J;~ Ey, then lim —- 2 o(y) =x.
= {—

+oo #Eg yeE,

1;

Proof. We argue by contradiction, supposing that there is € > 0 for which the statement in (1) does not
hold. Restricting to a subsequence, we can then assume that there is ¢ > 0 such that

HYeE||¢(y) — k| > €}
#E,

>c¢ foralll>1.

Let (H;);j>1 be the complete list of algebraic subgroups of G (Q) not containing V. Unless V =
{(1,...,1)}, in which case the statement is trivial, this is a countably infinite list. Since (Ey)/> is strict
in V, we can take a subsequence (Ey, ;> such that

#(E, NUS_ Hj)
#E,

<c¢ forallk>1.
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Then for each k > 1 we can choose ¥ € Ey, \U];':1 H; such that

|0 (%) — x| > €. (7.3)

The sequence (¥ )x>1 is strict in V by construction, and so the inequality (7.3) contradicts the hypothesis
and proves (1). The statement in (2) follows easily from (1) and the hypothesis that ¢ is bounded. ]

Proof of Theorem 7.6. This is a direct consequence of Lemma 7.7 applied to the strict sequence (Wy)¢>;
of G2,(Q) and to the real-valued function

Uw —R, ©—h(CNnwC)
>1

together with Theorem 7.1 and Proposition 3.2. O
The next result is an easy consequence of Example 7.5 and Theorem 7.6.

Corollary 7.8. For each € > 0 we have that

o ,
dgffmm#{w € ug\{(1,D} [Ih(CNwC)—n|<e} = 1.

1
Moreover, lim ——— Z h(CNnwC)=n.
oo 2 _
e el

8 Intermezzo: sequences of torsion points in algebraic subgroups

Here we extend our previous study to sequences of torsion points which are strict in a fixed irreducible
component over the rationals of a 1-dimensional algebraic subgroup of the torus, thus finding other
interesting limit values for the height.

We start by recalling that the 1-dimensional algebraic subgroups of G2 (Q) are the algebraic subsets
defined by a binomial of the form x¢ — 1 with ¢ € Z?\ {(0,0)}. Writing ¢ = la for a primitive vector
a € 7? and a positive integer /, its irreducible decomposition over Q is

Z(xf—1) =JZ(®.(x%)

e|l

with @, the e-th cyclotomic polynomial.

Hence for the rest of this section we fix a primitive vector a € Z? and a positive integer e, and we
consider the algebraic subset V, . = Z(®P,(x“)). Its irreducible decomposition over Q is given by the
disjoint union

Vae = U Z(x" ).

Ceug

Each irreducible component Z(x* — Q is a torsion curve, since it is the translate of the 1-dimensional
(algebraic) subtorus Z(x“ — 1) ~ G (Q) by any torsion point of it.
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Let (@y)¢>1 be a strict sequence in V, . of torsion points. Since any algebraic subgroup of the torus
not containing V, . intersects this algebraic subset in a finite number of points, the strictness of (@y)¢>1
in V,, is equivalent to the fact that each torsion point appears at most a finite number of times in the
sequence. In turn, this is equivalent to

lim ord(@y) = +oo. (8.1)
f— 400
Recall that for each £ we denote by §p(,).. the uniform probability measure on the oo-adic Galois orbit of
@y as in (5.5). Our first goal is to determine the limit of this sequence of discrete measures with respect
to the weak-+ topology. To this end, consider the subset of the compact torus S defined as

See ={z€S|@e(x*(2)) =0} = |J {z€S[x"(z) = ({)}-
Ceps

It is a disjoint union of translates of the circle {z € S | y%(z) = 1} ~ S' containing the «o-adic Galois
orbit of any torsion point in V, .. For each primitive e-root of unity { we denote by 4, . ¢ the probability
measure on S, supported on the corresponding translate of S !, where it coincides with the measure
induced by the probability Haar measure of this circle. Consider then the probability measure on S, .

defined as .
—_— Aaet-
(p(e) CEZ”S 5 7C

Va,e =

The next result is the analogue in our present situation of (5.7). Its proof is done by reducing to a
result of Dimitrov and Habegger in [DH24] on the equidistribution of the orbits of roots of unity under
the action of large subgroups of their Galois groups.

Proposition 8.1. Let (wy) > be a strict sequence in'V, . of torsion points and ¢ a bounded and Vv, .-almost
everywhere continuous real-valued function on S, .. Then

lim /S 0 dSo(ay). = /S OdVae. (8.2)

l—+oo

Proof. As a is primitive, after a change of variables we can suppose without loss of generality that a =
(0,1), so that

Vae =Z(®e(r2)) = J Q" x{¢} and See= |J 8" x {1(0)}.

Ceus Ceps

For each ¢ > 1 set dy = ord(wy) and e, = ord(@y,;). Since both e, and e divide d; we can consider
the reduction homomorphisms

Ty ep (Z/ng)X — (Z/QZ)X and Ty e (Z/ng)X — (Z/BZ)X.

SetJ; C (Z/dZ)* for the kernel of 7, , and K; C (Z/e,Z)* for its image under 7, .,. As ord(@y2) = e,
we have that d; = lem(ey, e) and so Jy ~ K.

JOURNAL OF EXPERIMENTAL MATHEMATICS, 1(2):322-374, 2025 347


https://jexpmath.org

ROBERTO GUALDI AND MARTIN SOMBRA

Because of [CT09, Lemme 6.3] we can assume without loss of generality that ¢ is continuous. Then
we write each integral in its left hand side of (8.2) as a sum of integrals over the different connected com-
ponents of S, . by suitably partitioning the corresponding Galois orbit O(ay) ={of | ke (Z/dyZ)*}. To
this aim, for each { € ug; we choose ry ¢ € (Z/dyZ)* such that (o“ = {, which is possible because 7, .
is surjective thanks to Lemma 5.2. In fact, a)éiz = ifand only if k € J; - r,¢c and so

1
/SM O(ax) (p(dg) ke(Z% )~ ‘
¢ a)] gg ’ oo rKC 5 (83)
o) gezﬂ #, EZ ol Cezu Koo )

where ¢, denotes the continuous function on S' defined by ¢¢(z) = ¢(z,1({)), which is integrated

against the uniform probability measure on the co-adic orbit of a)gﬂf under the action of Kj.
Since dy = lem(ey, e), the condition in (8.1) implies that

Ii ey — 4o
éirfword(wévl ) et
and so ((ogf’f) ¢>1 is a strict sequence in Gy, (Q). In the terminology of [DH24, Section 3], the conductor of
the subgroup Ky of (Z/e;Z)* is equal to gcd(ey, e), because this subgroup coincides with the kernel of the
reduction homomorphism to (Z/ gcd(eg,e)Z)*. In particular, it is uniformly bounded. Proposition 3.3(ii)

of loc. cit. then shows that the discrepancy of the co-adic orbit 1..(Kj - a)géf) converges to 0 as £ — +-oo.
Using standard results from measure theory like [Har98, Theorem 5.4] we deduce that

lim ¢C (Keal'S) /(})CdHaar—/ OdAg, -
0@,

{—+oo

The statement then follows from (8.3). ]

The next result is the analogue in our situation of Proposition 5.1, and gives the limit of the
Archimedean local height corresponding to the torsion points in a strict sequence in V, .. To state
it, consider the subset of (R/27Z)? defined as

2mj
Da,e: U {ué (R/ZEZ)Q aiuy +arupy = J}
jez/er)> €

It is a union of ¢(e) parallel segments, and we denote by 7, . the probability measure on it induced from
the Euclidean metric on these segments. Recall that

F: (C*)* 5 RU{—e} and f: (R/27Z)* — RU{—oo}
denote the functions defined in (5.1) and in (5.2), respectively.

Proposition 8.2. Let (wy)¢>1 be a strict sequence in V, . of nontrivial torsion points. Then
lim he(P(y)) = / Fdv, = / FdTee,
L—roo Sate ]D)a,e

where P(wy) is the vector of homogeneous coordinates of the projective point C N @,C as in (3.2).
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Proof. For the first equality, note that when e # 1 the subset S, . does not contain the point (1, 1). In this
case, the restriction of the function F to S, . is continuous, and therefore the statement follows from the
formula in (5.6) and Proposition 8.1.

When e = 1, the map ¥: G, (Q) — V,; defined as y(s) = (s79,5%) is an isomorphism of algebraic
groups, because a is primitive. Denote also by y: ! — Sq,1 the restriction to the unit circle of the

complex version of this map. Then the function

. s — s~ s 1] |57 1]
F(s)—1 —1|=1
II/ (S) Og‘s | Ogmax< ’S—1’ ) |S—1| Y ‘S—l‘

can be continuously extended to the point s = 1. Thus the formula in (5.6) can be written as
he(P(@0) = [ W' F(5)dBory (0.
= /Sl (W*F(S) — log |S — 1|)d60(l,/71(a)())0° + /Sl IOg |S — 1|d60(lll71(w{‘))oo'

The first equality in the statement follows by applying the classical equidistribution theorem for roots of
unity to the first integral in the formula above, and Lemma 3.4 to the second in a similar way as it was
done to obtain the first equality in (5.9).

On the other hand, note that the image of S, . under the cotropicalization map coincides with the
union of parallel segments D, . and that the direct image measure cotrop,, V, . coincides with 7, .. The
second equality is then a direct consequence of the first together with the change of variables formula. [J

Set for short
Na,e = /]D) dea,e' (84)
We have the following result in the spirit of Theorem 7.1.

Theorem 8.3. Let (wy)> be a strict sequence in 'V, of nontrivial torsion points. Then

lim h(CNwC) = Nye-
{—+oo '

Proof. This follows readily from the definition of the height together with Proposition 8.2 and Corol-
lary 4.5. O

Using Theorem 8.3, we can find other interesting limit values for the height, as the next two examples
show.

Example 8.4. For a = (0,1) and e = 1 the segment D, , can be parametrized with the unit interval by the
map w — (27w, 0). Hence

1 ) . 1 .
Na.e :/ 10gmax(|e12”“’—1|,|0\,|e‘2”W—1|)dw:/ log 2™ — 1|dw = 0.
’ 0 0

By Theorem 8.3, the limit of the height of CN «,C for a strict sequence (@y),>1 in Z(f, — 1) of nontrivial
torsion points is equal to 0, in agreement with Proposition 3.2. A similar observation holds for a €

{(170)7(17_1)}'
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Example 8.5. For a = (2,—1) and e = 1 the segment D, , can be parametrized with the unit interval by
the map w — (2w, 47mw). Hence

1 . . . .
na,e‘:/ logmax(|e‘4”W—e‘2”W|,\e‘4”W—1|,|elZ”W—1|)dw
0

1 . 1 .
:/ log\e‘z”w—1|dw+/ logmax (1, |e*™ 4 1]) dw = m(xo +x1 +x2),
0 0

where the last equality follows from Jensen’s formula. This logarithmic Mahler measure was computed
by Smyth as
3V3

m(xo+x1 +x2) = 77 2L(x-3.2) = 0323065 ..

for the L-function associated to odd Dirichlet character modulo 3 [Smy81]. By Theorem 8.3, this quantity
gives the limit of the height of C N ,C for a strict sequence (@;);>1 in Z(¢?; ' — 1) of nontrivial torsion
points, like that in Example 3.1. A similar situation occurs when a € {(1,1),(1,—2)}.

Similarly as in Section 7, we can extend our study to strict sequences of nonempty finite subsets
of V., in the sense of Definition 7.4. Each algebraic subgroup of G2 (Q) not containing V,, intersects
this algebraic subset in finitely many points, and therefore any sequence of nonempty finite subsets of
Ve satisfying limy_, o #Ey = o0 is automatically strict in V. (the condition is not necessary, though).

Example 8.6. The sequence of nonempty subsets of d-torsion points of V, . is strict. Indeed, let d > 1
and consider the monomial map x*: ug — Ug, so that
1 NVae = (£~ (ua ). (8.5)
If e td then ;N = 0 and so [.L§ NV, = 0. Otherwise e | d and g C pg, and so it follows from (8.5)
and the surjectivity of x“ that
#(1g WVae) = #Ker(x) -#11. = d p(e).

Thus (12N Va.e)d>1,e|a 18 @ strict sequence in V.

The next two results are the analogues in our current setting of Theorem 7.6 and Corollary 7.8. The
first is a direct consequence of Lemma 7.7 and Theorem 8.3, and the second follows using Example 8.6.

Theorem 8.7. Let (W;);>1 be a strict sequence of nonempty finite subsets of V. of nontrivial torsion
points. Then for each € > 0 we have that

lim #HoeW, | |h(CNwC) —ng.| <€} _

1.
{—>+oo #Wg

1
M. lim — h(CNnwC) = .
oreover Am e, w;y/ ( ) = Nae

Corollary 8.8. For each € > 0 we have that
#{o € 13N Vi \ (1,1} | |h(CNoC) Nyl <e}

lim 1.
e #(ug MVae \{(1,1)})
1
Moreover lim Z h(CNoC) = Nge.

2
d_g'-d"_m #(Nd mVaae \ {(17 1)})COEI.L3QV¢>¢\{(1,1)}
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9 Visualizing the results

In this section we present a series of computations done with the SageMath notebook [GS22] that allow
to visualize our results while at the same time suggest further intriguing questions and conjectures.

We focus on the height values of the points of the form P(®) = CN ®C as o ranges in the set of
nontrivial d-torsion points of G2 (Q). The next statement specifies how to enumerate these torsion points
and compute the corresponding heights.

Proposition 9.1. Let d > 1 and § € pj. Then
1. the map (Z/dZ)* — u3 defined as c — (1, ) is a bijection,

2. for each ¢ € (Z/dZ)*\{(0,0)}, letting e = d/ gcd(cy,c2,d) we have that

Afe)
h(CA (L, 52)C) = —
N0 =0
Z log max (’62niczk/d - eZﬂ:iclk/d|’ |e27ric‘2k/d o 1” |627riclk/d . 1’)
¢(e) ke(Z]e)*

where A and @ denote the von Mangoldt and the Euler totient functions respectively,

3. the function (Z./dZ)*\ {(0,0)} — R defined as (c1,c2) — h(CN ({1, £2)C) does not depend on the

choice of { € uj and it is invariant under the transformations
(cr,e2) = (e2,¢1), (cr,2) = (—e2,c1—¢2),  (e1,02) = (—c1,—¢2)

on (Z./dZ)*\ {(0,0)}.

Proof. The statement in (1) is a particular case of (2.1), whereas that in (2) follows directly from
Lemma 3.3, Corollary 4.4 and the definition of the height. Finally, the statement in (3) is an easy
consequence of that in (2). ]

Displaying the computations

For each d > 1 we can numerically compute the height of the point C N @C for each @ € u2\ {(1,1)}
using the formula in Proposition 9.1(2), and display the outputs in two images. The first shows the
obtained height values as an unordered plot on the unit interval, whereas the second represents them in a
meaningful and organized way in the unit square.

The latter image is produced as we next explain. Choosing { € uJ, Proposition 9.1(1) identifies uﬁ
with the set of grid points {0,1/d,...,(d —1)/d}? of the unit square [0, 1)2. To visualize the behavior of
the function

o —h(CNneC) forweui\{(1,1)}

we subdivide this square into d>-many cells centered at these grid points. Apart from that with center (0,0),
each of these cells corresponds to a nontrivial d-torsion point @, and we color it with a tone of gray that
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is as dark as the height of CN @C is larger within the range [0,1og(2)]. By virtue of Proposition 9.1(3),
the resulting image does not depend on the choice of the primitive d-root of unity &.

Figure 9.1 shows the resulting images for d = 120. For future considerations, we enrich the first plot
with the special values

_2603) _ 33 B
= 30(2) 0.487175... and 6= HL(x_a,z) =0.323065..... 9.1)

Figure 9.1: Distribution of heights associated to d-torsion points, d = 120

Bounds and symmetries

These figures allow to appreciate several features of the height values we study.

As predicted by Proposition 3.2, the extremal values are 0 and log(2), as can be seen in the left
image of Figure 9.1. In the right image, the minimal height (in white) is reached for the torsion points
corresponding to the cells in the horizontal, diagonal and vertical lines passing through the origin of the
square, plus at the grid points (1/3,2/3) and (2/3,1/3) whenever 3 | d. The maximal height (in black) is
only attained when d is even but not a power of 2. When this is the case, it is visible on the horizontal
and vertical lines through the center of the square, and on the diagonal passing through the midpoint
of an edge of the square, excluding the cells centered at the grid points of the form (27%b1,27%b,) with
b],bz € Zand k > 0.

This right image also makes apparent the invariance of the height values under the transformations
in Proposition 9.1(3) and their compositions. Up to rescaling, these are the same automorphisms on
(R/277Z)? in Proposition 6.2, which explains the analogy of this image with the right image in Figure 6.1.
In particular, the triangle with vertices (0,0), (1/2,0) and (2/3,1/3) is a fundamental domain for the
height values.
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Limit value

The limit behavior of the height is also visible. As predicted by Corollary 7.8, most of the points in the
left image of Figure 9.1 cluster around the value indicated by the red line, and most of the cells in the
right image have a tone of gray that approaches the intensity

n

—0.702845 . ..
log(2)

as d — oo,
We can make this phenomenon more visible with a couple of plots by taking € > 0 and computing
the quantities

ﬁ#{weﬂﬁ\{(l,l)}\\h(Cﬂa)C)—n|<e} and ﬁ Y

weu\{(1,1)}

for a family of values of d. Figure 9.2 collects them for all 1 <d <250 and € =0.1.

h(CNoC)

1.0 4

0.8 q

0.6

-"‘

Ratio of heights close to the expected average

. R )
e
-

0.4 1

0.3

Average of the heights

aeenee

0.4 4 027,

0.2 01

T T T T T u T T T T
50 100 150 200 250 50 100 150 200 250

Figure 9.2: Ratio of heights for d-torsion points around the limit and their mean, 1 < d < 250, with
marked prime values

In accordance with Corollary 7.8, these plots confirm that most of the considered heights cluster near
N as d — +oo, and that their mean converges to this limit value, marked in red in the image on the right.

It would be interesting to understand other patterns suggested by these computations. For instance,
the right plot of Figure 9.2 hints to a positive answer to the following question.

Question 9.2. Does it hold that

Y h(CneC)<nforalld>1?
oepi\{(1)}

2

Torsion curves

We can also visualize the asymptotics obtained in Section 8. Recall that for a primitive vector a € Z? and
a positive integer e we consider the disjoint union of torsion curves

Va,e = U Z(Xa - C) C G%n(@%

Ceug
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and that the value 1,, in (8.4) is the limit of the heights corresponding to strict sequences of torsion
points in this algebraic subset.

Corollary 8.8 becomes apparent in the right image of Figure 9.1, which shows that most of the height
values for the cells in the union of segments

U (ﬂ Cj)‘a101+azczzj
L Wad d e

JE(Z/eZ

cluster around 1, as d — +oo with e | d. Indeed, the left image in this figure plus a bit of imagination
allows to see how these limit values are approached, and it would not be difficult to produce plots
analogous to those in Figure 9.2 for a given algebraic subset V, ..

Small heights

By Zhang’s theorem proving the toric Bogomolov conjecture, the height of the nontorsion points of the
projective line C is bounded below by a positive constant, see [Zag93] for an effective version. This can
be appreciated in the left image of Figure 9.1 as a gap between 0 and the rest of the values.

A closer examination suggests that the first accumulation point for the heights under consideration is
the constant 8 in (9.1). As shown in Example 8.5, this value is approached by the heights corresponding
to the grid points in the three segments through the origin and orthogonal to the vectors (2,—1), (1,1)
and (1,—2). We can turn this observation into a formal question as follows.

Question 9.3. Let € > 0. Is the set {w € u2\ {(1,1)} | 0 <h(CNwC) < 6 — €} finite?

Prime orders

In Figure 9.2, the quantities corresponding to prime values of d are marked in dark blue, and they seem to
have a regular behavior for the two considered features. Indeed, both the ratio of height values near 11 and
their mean appear to follow hyperbola-like patterns, at least for d large enough. Moreover, these patterns
seem to bound, respectively from above and from below, the corresponding quantity for a general d. It
would be interesting to explain these behaviors.

In fact, when d is prime, even the single height values corresponding to d-torsion points seem to be
simpler and tamer than those for composite d, as can be seen in Figure 9.3 for d = 131.

This figure and similar ones suggest that for every prime d all the height values corresponding to
nontrivial d-torsion points lie below 7, and that when they are nonzero, they are at least as large as 6. In
precise terms:

Question 9.4. Let p be a prime and ® € ,ug \{(1,1)} with h(CN @C) # 0. Does it hold that 6 <
h(CNnwC) <n?
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Figure 9.3: Distribution of heights associated to d-torsion points, d = 131

Part 11
An Arakelov geometric approach

In this part we present an interpretation of Theorem 7.1 from the viewpoint of Arakelov geometry, that
allows to recover it in a more intrinsic way using the interplay between arithmetic and convex objects
from the Arakelov geometry of toric varieties.

The first main result here is Theorem 11.4, linking the limit height in Theorem 7.1 with the Arakelov
height of the subscheme of IP’% defined by the linear polynomial xg + x; + x, with respect to suitable
metrized line bundles. The second main result is Corollary 14.3, showing that this height agrees with the
average of a piecewise linear function over the Archimedean amoeba of this subscheme, that can in turn
be computed as a rational multiple of a quotient of special values of the Riemann zeta function.

The treatment of this second part of the article is less elementary and certainly not self-contained,
building on the theory developed by Gillet and Soulé [GS90] and its refinement by Maillot [Mai00], and
on its study in the toric situation by Burgos Gil, Philippon and the second named author [BPS14] and by
the first named author [Gual8b]. We will recall the main objects and results that we will use, assuming
that the reader has some working knowledge of these subjects, including the basics of complex analytic
geometry and of integral models of schemes.

10 Semipositive metrics in complex geometry

Let X be a projective complex manifold with sheaf of holomorphic functions Ox. Let L be a holomorphic
line bundle on X, that is, a locally free sheaf of Ox-modules of rank 1. A (continuous) metric || - || on L is
a rule that to every open subset U of X and every section s of L on U assigns a continuous function

[s()l: U — R (10.1)

that is compatible with restrictions to smaller open sets, and satisfies that
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1. for every p € U we have that ||s(p)|| = 0 if and only if s(p) =0,
2. forevery p € U and A € Ox(U) we have that ||(As)(p)|| = |A(p)||ls(p)]|-
The pair L= (L,|| - ||) is called a metrized line bundle on X.

Remark 10.1. To define a metric on L, it is enough to give a compatible choice of functions as those in
(10.1) for a family of nonvanishing sections of L on open subsets that cover the whole of X.

To a metrized line bundle L on X one can associate its first Chern current ci(L), which is the current
of bidegree (1, 1) defined on any open subset U of X as

ci(L)|, =dd*[—log|s]||,]

for any nonvanishing section s on U, where for a real-valued function f we denote by [f] the associated
distribution, and the operators d and d° are taken in the sense of currents. This current does not depend
on the choice of the section because of the Lelong—Poincaré formula.

A metrized line bundle L is semipositive (respectively smooth) if for every nonvanishing local section
s the function p — —1log||s(p)|| is plurisubharmonic (respectively smooth).

Example 10.2. The trivial line bundle Ox admits a trivial metric || - ||, Which is that defined by setting,
for each holomorphic function A on an open subset U of X,

IL(P)|le =1|A(p)] forallpeU.

The corresponding metrized line bundle is denoted by Ox'*. Computing its first Chern current using the
holomorphic function A = 1 we verify that ¢;(Ox") = 0, and so this metrized line bundle is semipositive.

Example 10.3. Let O(1) be the hyperplane line bundle of the complex projective space P"(C). There is
a one-to-one correspondence between its global sections and the linear polynomials in the homogeneous
coordinates of P"(C). For each global section s we denote by /s the corresponding linear polynomial and
then set

’ls(p07 <o 7pn)|
max(|pol,. .-, |pal)
Since O(1) is generated by its global sections, this assignment determines through Remark 10.1 a metric

on this line bundle, which is called the canonical metric of O(1). The corresponding metrized line bundle
is denoted by O(1)°*". It is semipositive [BPS 14, Example 1.4.4] but not smooth.

Hs(p)Hcan = forall p = [pO L ZPn] € Pn(c)'

Example 10.4. Consider the function R: R**!\ {(0,...,0)} — R defined as

R(w) = exp </(Sl) log |wo +z1wi + -+ + 2,Wy| dv,,(z)>,

where (S')" denotes the compact torus of (C*)" and v, its probability Haar measure. Its value at a given
point is the Mahler measure of an affine polynomial, and so it is a well-defined real number.
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The function R is continuous and positive homogeneous of degree 1. Similarly as for the canonical
metric in the preceding example, the Ronkin metric of O(1) is obtained by setting, for each global
section s,

‘ls(p()a"’ap”)’ n
S(P)|Ron = =~ forallp=|po:---: p,) € P"(C).
It )lvon = 2 Ipol, . lpal) | |

The corresponding metrized line bundle is denoted by O(1)R°",

Remark 10.5. Ronkin metrics on line bundles on toric varieties were introduced in [Gual8b], and they
can be defined from any choice of nonzero Laurent polynomial compatible with the fan of the toric
variety. The metric in Example 10.4 agrees with that from Definition 5.5 of loc. cit. for the Laurent
polynomial 1 +41#; +---+1,. As explained therein, it is semipositive.

Given a pure d-dimensional analytic cycle Z of X, we denote by & its associated integration current
and by |Z| its support. Let also Ly, ...,Ly be a family of semipositive metrized line bundles on X. Then,
Bedford-Taylor’s theory allows to construct a measure on X, denoted by

ci(Li)A...Ac1(Ly) Nz

and called the complex Monge-Ampére measure of Ly, .. .,Ly and Z, see [Dem12, Sections I11.3 and I11.4]
for its definition and basic properties. This measure is supported on |Z|, and has finite integral against
functions with at most logarithmic singularities along analytic subsets of |Z| of lower dimension. In
particular, it gives zero mass to those analytic subsets. Finally, this measure is positive whenever Z is
effective.

The next proposition is a particular case of well-known results in analytic geometry, see for instance
[BE21, Lemma 8.17(ii)]. It is also a direct consequence of the commutativity of the x-product from
Arakelov geometry shown in [GS90, Corollary 2.2.9] and extended in [MaiO0, Proposition 5.3.6] to
metrized line bundles that are not necessarily smooth. We include its proof for convenience and greater
clarity.

Proposition 10.6 (metric Weil reciprocity law). Let X be a smooth projective complex curve. Fori=1,2,
let also L; = (L;, || - ||;) be a semipositive metrized line bundle on X, and s; a nonzero rational section
of L;. Suppose that the 0-cycles

Zi= Z ord,(s;) [p] fori=1,2
peX

have disjoint supports. Then

/XlogHsl Il1 (01 (Lj) A Sy — 522) = /Xlog l|s2]|2 (01 (fl) A Sy — 521). (10.2)

Proof. Both sides of the formula in (10.2) are linear in the choice of the metrized line bundles and rational
sections. Hence we can assume that L and L, are ample. When this is the case, their metrics can be
uniformly approached by smooth semipositive metrics on the same line bundles. Since both sides of this
formula are continuous with respect to the uniform convergence of metrics, we can then reduce to the
case in which both || - ||; and || - |2 are smooth. We suppose this for the rest of the proof.
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For each p € |Z;|U|Z,| choose a closed neighborhood B, C X with smooth boundary. Assume that
all of these neighborhoods are disjoint and consider the open subset with smooth boundary

u=x\ J B,
PE|Z1|V|Z,]
Set f; = —log ||s;||; for each i. Since the rational section s; is regular and nonvanishing on U and the
metric || - [|; is smooth, the restriction to U of the complex Monge—Ampere measure ¢ (L;) A 8y is given

by the (1,1)-form dd®f;|y. By [Dem12, Chapter III, Formula 3.1],
/Ulog HS] H] C1 (fz) A Ox —log HS2H2 C1 (f]) A Ox

:/dedcfl_flddcfZZ/ Ldfi—fid fa. (10.3)
U U

Note that the integral in the left-hand side of (10.3) approaches the same integral over the whole of X
when all the considered neighborhoods get arbitrarily small.
By spelling out the different connected components of dU we obtain that

/8 idp= pe%l / f1d°fz—p€2|; / fdfa. (10.4)

The first sum in the right-hand side of (10.4) tends to O when these neighborhoods get small, as d°f; is a
smooth (0, 1)-form on B, for every p € |Z;| and f; has a logarithmic singularity at every such point.

Now let p € |Z,|. Choosing the neighborhood B, appropriately, we can suppose that there is a closed
disc V C C centered at the origin together with a biholomorphic map ¢: V — B, such that ¢(0) = p.
Then ||(s2 0 ¢)(z)]|2 = |z|"h(z) for m = ord,,(s>) and a nonvanishing smooth function 4. Hence

—/ Adf =/ fio dlog|ls20 0]
JB, v

m c — o c
_ E/avflo(pd log(zz)—i—/avfl 0 d°log(h). (10.5)

Since d°log(h) is a smooth (0, 1)-form on V/, the second summand in the right-hand side of (10.5) tends
to 0 when B, shrinks to the point p. For the first summand, recall that d° = (d —d)/2xi with d and d
the Dolbeault operators. Hence

c > 1 A (= 1 [(dz dz
dlog(zz) = 2—m@log(z) —dlog(z)) = i ( _ z>’

and noting that the function f) is real-valued we deduce that

1 dz dz 1 dz
/flO(PdIOg(ZZ) o f10<p<z> Re(m avflo(pz>. (10.6)

Since B, contains no point of |Z;|, the function fi o ¢ is smooth on V. Then Cauchy’s formula [Dem12,
Chapter I, Formula 3.2] gives

1
27

aflo(pdit() (10.7)

[ o <pf (f109)(0 +/1
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where 4 denotes the Lebesgue measure of C. As B, shrinks to p, the integral in the right-hand side
of (10.7) converges to 0 because the function z — 1/z is integrable on V, and so the integral in the left-
hand side tends to (f; 0 ¢)(0) = fi(p). From (10.5) and (10.6) we deduce that — faBp f1d€ f> converges
to ordp(s2) fi(p)-

Thus when all the considered neighborhoods get small, it follows from (10.4) that the integral
J5u f1d€ f> converges to the quantity

Y, ody(s2)fi(p) = [ loglls| 8.

PE|Z|

A similar consideration shows that [, f>d° fi converges to — [ log||s2|| 6z, . Taking the limit when the
union of these neighborhoods converges to |Z;| U |Z;|, we deduce from (10.3) that

[ 1ogllsillven (Z2) A 8 ~tog salloer (1) A 8 = [ 1ogllsil| 6z, [ tog lsa] &z

as stated. O

Remark 10.7. The classical Weil reciprocity law is the equality

Hfl( ord (f2) Hf ord (f1) (108)

peX peX

for any pair of nonzero rational functions f; and f, of a smooth projective curve X whose associated
0-cycles have disjoint support [Sil09, Exercise 2.11].

Proposition 10.6 can be seen as a metric version of this reciprocity law, that essentially contains
it. Indeed choosing both L; and L, as the trivial metrized line bundle of X from Example 10.2, this
proposition yields the equality between the absolute values of the right-hand and left-hand sides of (10.8).

11 The limit height of the intersection as an Arakelov height

In this section we link Theorem 7.1 to the theory of heights from Arakelov geometry. To this end, we first
recall the basic elements of this theory for arithmetic varieties equipped with semipositive metrized line
bundles that are not necessarily smooth.

Let 2" be an arithmetic variety, that is a regular integral projective flat scheme over Spec(Z), with
sheaf of regular functions & 4-. By the regularity assumption, its set of complex points .2"(C) is a
projective complex manifold. Given a line bundle . on 2", its analytification .£’*" is a holomorphic line
bundle on 2" (C).

A semipositive metrized line bundle on 2 is a pair

Z=(Z-

where .Z is a line bundle on 2" and || - || a semipositive metric on .Z*" that is invariant under the
involution on 2" (C) induced by the complex conjugation. We denote by £ = (.Z*" || - ||) the associated
semipositive metrized line bundle on 2" (C).
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For a pure d-dimensional cycle 2 of 2" and a family of semipositive metrized line bundles .Z; =
(L, |- ]li) fori=1,...,d,on 2, we define its (Arakelov) height

by means of the following recursion on the dimension:

1. whend =0, if £ is a prime cycle then it is an integral closed point of 2" and its function field K(Z")
is finite. In this case its height is defined as

h(Z) =log(#K(Z)).
In the general case, the height of 2 is defined by linearity.

2. when d > 1, pick a rational section s of .Z; that is regular and nonvanishing on a dense open subset of
the support of 2 and set

hz..z(Z) =hz  Z5(div(s) Z)
- log [|s*" LEYN A (L)) NSy )
/%(C) ogllsla e1 (Z") c1 (L) A ()

where div(s) - 2 denotes the intersection product of the Cartier divisor div(s) and the cycle 27, and
5" stands for s considered as a meromorphic section of Z}".

The height is a real number that does not depend on the choice of the rational section s in (2) nor on the
order in which the metrized line bundles are chosen.

Remark 11.1. The Arakelov height was introduced by Bost, Gillet and Soulé for smooth metrics through
arithmetic intersection theory [BGS94], and later extended by Maillot to semipositive metrics that are not
necessarily smooth [Mai0O0].

Example 11.2. Let P/, be the projective space over Spec(Z). The pair

o) = (0(1),]| llean)

where (1) denotes the hyperplane line bundle of %, and || - ||can the canonical metric of the holomorphic
line bundle O(1) from Example 10.3 is a semipositive metrized line bundle on this arithmetic variety,
called the canonical metrized line bundle of IP7.

Let P"(Q) be the projective space introduced in Section 2. A point § € P"(Q) with rational homoge-
neous coordinates can be identified with a Q-point of [P, or equivalently with a scheme-theoretic point in
its generic fiber. Denote by & its closure in P, which is an integral subscheme of dimension 1. Then

h e (§) = h(8), (11.1)

the quantity on the right-hand side being the height of £ in the sense of (2.6). Proving this equality is a
nice exercise that can be solved by unwrapping the corresponding definitions and by using Remark 2.1.
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Remark 11.3. More generally, the Arakelov height can be defined for cycles of 27, the base change of

2 with respect to the integral closure of the ring of integers. In this setting, a point & € P*(Q) can be
identified with a Q-point of PP or equivalently with a scheme-theoretic point in the generic fiber of P7.

The equality in (11.1) extends then to & and its closure & in PZ.
Now consider the semipositive metrized line bundles on IP’%
(1) =(0(1), ] lean) and G = (O(1),]]- [ron) (11.2)

obtained by equipping the holomorphic line bundle O(1) on P?(C) with the canonical and the Ronkin
metrics from Examples 10.3 and 10.4, respectively. Consider also the subscheme % of IP’% defined by the
homogeneous linear polynomial xo -+ x; +x,. The line C C P?(Q) studied through Part I coincides with
the set of Q-points of €.

The following is our main result in this section.

Theorem 11.4. Let (ay)>| be a strict sequence in G2 (Q) of nontrivial torsion points. Then

ZETOQh(C N w@C) - hﬁ(] )canVWRon (Cg) .

Its proof relies on the next complex analytic equality. As in Section 5 we denote by S = (§')? the
compact torus of (C*)? and by v its probability Haar measure.

Lemma 11.5. Let 5o be the global section of €(1) corresponding to the homogeneous coordinate x

of IP%. Then

o 108 158 renr (OCTF) A8y = = [logman(fz2 —2il 2 =11 fer = 1) av(@)

Proof. Set for short p1 = ¢;(O(1)") A 8 (c). By construction, it is a measure on P?(C) supported on
the line € (C). For each z € S\ {(1,1)} we consider the integral

F(z) :/ 10g‘p0+z1p1+z2p2‘du(p), (11.3)
P2(C) Do

which is finite because the restriction of the integrand to this line is a function which is continuous at all
but two points, where it has at most logarithmic singularities.

We will find a simpler expression for this integral as an application of the metric Weil reciprocity
law. To this end, consider the inclusion i: %' (C) — P?(C) and the semipositive metrized line bundles on
% (C) given by the inverse image with respect to this map of the trivial and the canonical metrized line
bundles on P?(C), that is

fl = I*O]pz((c)tr = ch((c)tr and fz = l*0<1)can.

On the one hand, the rational function s; = (xo -+ z1x1 + 22x2) /X0 of P?(C) restricts to a nonzero
rational function of ¢ (C), which gives a nonzero rational section 1*s; of L} = O(g((c). On the other hand,
given complex numbers ) and o, not both equal to 1, the linear polynomial xg 4 ;x| 4+ 0x5 corresponds
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to a global section s> of O(1), which restricts to the nonzero global section i*sy of Ly = 1*O(1). The
0-cycles of ¢'(C) respectively defined by these pulled-back rational sections are
Zi=lan—n:z2—-1:1—z]—[0:1:—1] and Zry=[a1—m:0p—1:1—0y]. (11.4)

For an appropriate choice of o and o, the supports of these O-cycles are disjoint.

The restriction of the measure ( to the line coincides with c; (fz) by the functoriality of the Monge—
Ampere operator. Moreover ¢ (Li) =0, as shown in Example 10.2. Hence Proposition 10.6 together
with (11.3) and (11.4) implies that

F@) = [ toglrsilier(Ta) = [ togllsilli &, ~logl'sall2 &,
%(C) %(C)

[s1(fon —op:0p—1:1—o0u])u-[ls2([0:1: —1])Hcan>
=1 . 11.5
° ( lIs2([z1 —z2: 22— 1: 1 —2z1])]|can (11.5)

We have that

|(ar — o) +zi(0 — 1) +22(1 —ay)|

a—om:m—1:1—a =
[s1(fon — o : 2 1) llee o — 00|

)

[52([0: 12 =1])[[can = 011 — @2},
|(z1 —22) Fou(z2— 1)+ 0(l —z1)|
max(|z2 —z1/, |22 — 1], ]z1 = 1|)

Hs2([zl —2:—1:1 _ZIDHCM =

Hence (11.5) simplifies to
F(z) =logmax (|22 — z1],]z2 — 1], |z1 — 1]), (11.6)

in accordance with the notation in (5.1).
We now consider the functions g,: S x P?(C) — RU{—co} defined as

[pol +|p1| + \m!)
|pol

po+zip1+22p2
Po

g(z,p) = log

and h(z,p) =log <

whenever (z, p) ¢ Z(po), and as an arbitrary constant otherwise. The subset Z(pg) has zero mass with
respect to the product measure v x i, and so the integrals of these functions on S x P?(C) do not depend
on the choice of this constant.

The function 4 is constant with respect to the first variable, whereas, as a function of the second one,
its restriction to the line % (C) only has a logarithmic singularity at a point, making it integrable with
respect to vV X . Moreover & — g is nonnegative, and from (11.3) and (11.6) we deduce that the iterated
integral

[ e, () =8 p)) dis(p)av )

is finite. Tonelli’s theorem then implies that the function i — g, and a fortiori g, is integrable with respect
to the product measure v x U, and that

/S/]Pz(c)g(Z,P)dﬂ(P)dV(Z) :Az(c)/gg(z,p)dv(z)du(p)_ (11.7)
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Finally note that for p = [po : p1 : p2] € P?(C) with pg # 0 we have that
tog 58 (p)lron = = [ (z.p) AV (2).
It follows from (11.7) that

Lo, ol @) ndiste) == [ [ step)dup)avic) == [ Fav:
P2(C)

Together with (11.6), this gives the statement. O

Proof of Theorem 11.4. By Corollary 4.5 and Proposition 5.1,

{—>+oo

lim h(CN@C) = /Slogmax(|Z2—zl|,|zg—1|,|zl—1|)dv(z).

On the other hand, the recursive definition of the Arakelov height shows that

i 700 (6) = W (Av(s0) €)= [ g 8 lron e (OT) A 3

The divisor div(sg) - ¢ coincides with the 1-dimensional irreducible subscheme of IP’% arising as the Zariski
closure of the point in the generic fiber of this scheme corresponding to the point [0: 1: —1] € P2(Q). So
(11.1) gives

hmcan(diV(So) -€)=h([0:1:—-1])=0.

The statement then follows from Lemma 11.5. UJ

12 A toric perspective

The rest of the article is concerned with expressing and computing the Arakelov height in Theorem 11.4
in terms of convex geometry through the theory of heights of toric varieties and of their hypersurfaces,
respectively studied in [BPS14] and in [Gual8b]. Since the only toric variety that we need to consider
here is the projective space, we restrict our presentation to this specific case. In spite of that, this is
sufficient to give a taste of the general theory.

Let B C R" be a convex subset and g: B — R a concave function on it, that is a function satisfying

gAu+(1—=2A)v) > Ag(u)+(1—A)g(v) forallu,veBandA € [0,1].
Its stability set is the subset of R" defined as

stab(g) = {x e R" | 1nf ({x,u) —g(u)) > —eo},

where (x,u) = xju; + - - - + x,u, denotes the usual scalar product. Then the Legendre—Fenchel dual of g
is the function gV : stab(g) — R defined as

g"(x) = inf((x,u) — g(u)).

ueB

It is concave and upper semicontinuous. If g is upper semicontinuous, then g¥V = g.
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Example 12.1. Let A, be the standard simplex of R", that is the n-dimensional simplex whose vertices
are the origin and the vectors in the standard basis of this vector space. Its support function is the function
Yy, R" — R defined as

Yy, (1) = xienAf (x,u) = min(0,uy, ... uy).

It is piecewise linear and concave, its stability set coincides with A,,, and its Legendre-Fenchel dual is Oy,
the zero function on this simplex.

Example 12.2. Let (S!)" be the compact torus of (C*)" and v,, its probability Haar measure. The Ronkin
function is the function p,: R" — R defined as

puli) = = [ Togl1bzie™ otz v, ().

It is linked to the function R in Example 10.4 by the relation
Pn(u) = —logR(l,e ™ ...,e ). (12.1)

The function p, is concave and its difference with the support function W,, is uniformly bounded
[Gual8b, Proposition 2.10]. This implies that its stability set is the standard simplex A, and that its
Legendre-Fenchel dual p,’ is a continuous concave function on it.

Remark 12.3. Ronkin functions can be associated to any Laurent polynomial, or more generally to any
holomorphic function on an open and (S!)"-invariant subset of (C*)". As such, they were introduced by
Ronkin in [Ron01] and further investigated by Passare and Rullgard in [PR04].

Up to its sign, the function p, in Example 12.2 is the special case corresponding to the Laurent
polynomial 1+# +---+1,. For n = 2, Cassaigne and Maillot have found an explicit expression for it in
terms of the Bloch—Wigner dilogarithm [Mai00, Proposition 7.3.1]. In spite of being our case of interest,
we do not need such a description in this article.

The importance of concave functions in our context stems from their interplay with semipositive toric
metrics on the hyperplane line bundle of the complex projective space. A metric || - || on O(1) is toric if

Iso(zp) || = lIso(p)| ~ forall p € P*(C) and z € (S')", (12.2)

where zp denotes the translation of p by z as in (2.3) and sy the global section of O(1) corresponding to
the homogeneous coordinate xy of P (C).

To a toric metric || || on O(1) one can associate its metric function, which is the function yj : R" — R
defined as

v () =loglso([1:e ™™ - e ™).
A toric metric on O(1) is semipositive if and only if its metric function is concave [BPS14, Theo-

rem 4.8.1(1)]. When this is the case, the stability set of this concave function is the standard simplex A,
and one also associates to the toric metric its roof function, which is the continuous concave function

19“'” A, — R

defined as the Legendre-Fenchel dual of .
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Example 12.4. The canonical metric of O(1) from Example 10.3 is toric, as it can be readily checked
from the condition in (12.2), and its metric function coincides with the support function ¥, from
Example 12.1. This recovers the semipositivity of || - ||can and implies that its roof function is the zero
function Oy, .

Example 12.5. The Ronkin metric of O(1) from Example 10.4 is also toric by definition, and the
associated metric function agrees with the Ronkin function p, from Example 12.2, by means of the
relation (12.1). In particular, it is a semipositive metric on O(1) having as roof function its Legendre—
Fenchel dual p,’.

The main results of [BPS14] and [Gual8b] allow to express the height of P, and of its hypersurfaces
with respect to a family of semipositive toric metrics on ¢(1) in terms of its associated family of roof
functions. This is achieved through the mixed integral M1, which is an operator on families of (n+1)-
many continuous concave functions on compact convex subsets of R” that is obtained by polarizing the
usual integral operator [BPS14, Definition 2.7.16].

Since our case of interest is IP’%, we adapt the statements from the adelic setting of the loc. cit. to the
schematic point of view of the present paper to obtain the following.

Proposition 12.6. Let 0(1)™ and 0(1)R°" be the canonical and Ronkin metrized line bundles of P% as
in (11.2), and € the subscheme defined by the linear polynomial xy + x| + x,. Then

2
hﬁ(])canVWRon (Cg) - hﬁ(] )can7mRon7mRon (]P)Z) == MI(OAZ ’ pg/ﬂ pg/)

Proof. This proof assumes a working knowledge of the adelic approach to the theory of Arakelov heights
as exposed in [BPS14, Chapter 1].

Let }P’%Q be the projective plane over Spec(Q) and D the Cartier divisor of the line at infinity. The
pair (P2, 0(1)) is an integral model of (IP’%Q, O(D)), and so the canonical and the Ronkin metrized line
bundles on ]P’% induce quasi-algebraic semipositive adelic metrized divisors

Ecan and bRon

on IP’?Q in the sense of [BPS14, Section 1.5]. Namely, their Archimedean metrics coincide respectively

with those of &'(1)%4" and ¢(1)R°", and so do their Archimedean roof functions. Instead, their non-
Archimedean metrics are those induced by the integral model (P%, &(1)) as in [BPS14, Example 1.3.11],
and then their roof functions agree with the zero function on A,,.

This correspondence is compatible with the associated heights, and thus [BPS14, Theorem 5.2.5]
together with Examples 12.4 and 12.5 specializes to

2 2
hﬁ(l)cammRun’mRon (PZ) = hbcan_beonVﬁ(on (]P)Q) == 1\/II(OA2 s p3/7p£/),
which gives the second equality in the statement. We also have that

h

ﬁ(l)canymRon ((g) = hﬁcan’ﬁRnn (CKQ)
because ¢ contains no vertical component, and [Gual8b, Theorem 5.12] gives

2
hﬁcanl)j{on (ig@) - hbcan75R0n75Ron (]P)Q)
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as DR°" coincides with the Ronkin metrized divisor of the Laurent polynomial 1 4 #; +1, in the sense
of [Gual8b]. This gives the first equality and completes the proof. O

Combining this result with Theorem 11.4 and the equality in (11.1) yields the following statement.

Corollary 12.7. Let (w;)¢>1 be a strict sequence in G2 (Q) of nontrivial torsion points. Then

—1 -1 2
ZETwh o )Lan(Z(XO +x1 +X2,X0—|—(1)£71X1 +wg72x2)) hﬁ( 1)ean G (1)Ron G(1 )Ron(IP) )

where Z(xo+x1 +x2,x0 + ©, 11x1 + 0, 21x2) denotes the 1-dimensional subscheme of IF’% defined by these
linear forms.

This limit formula is a particular case of a conjectural arithmetic analogue of the geometric fact that
for a family of n-many line bundles on an n-dimensional algebraic variety, the cardinality of the zero
set of a generic n-tuple of their global sections coincides with the degree of the variety with respect to
these line bundles. Formulating this conjecture requires the language of adelic metrized line bundles
on varieties over global fields, which would take us too far away from our setting. Instead, we content
ourselves by explaining a particular case that can be expressed with the objects at hand and still gives a
hint of the general case.

For d > 1, consider the d-tensor power line bundle O(d) = O(1)®¢ on P*(C). Its global sections
are in one-to-one correspondence with the homogeneous polynomials of degree d in the homogeneous
coordinates of this projective space. Extending Example 10.4, we define the Ronkin metric of O(d)
setting, for each global section s,

‘ls(PO,u-,Pn)’ n
s(P)||lron = forall p=|[pg:---: ps] € P*(C),
H ( )H on R(’p0|d7-'-7‘pn’d) [ ] ( )

where [; is the homogeneous polynomial of degree d corresponding to s, and R is the same function as
that of the referred example. This metric is toric and semipositive, and the corresponding metrized line
bundle on ]P’% is denoted by &'(d)R°". With this notation we can formulate the following guess.

Conjecture 12.8. Let (wy)¢>1 be a strict sequence in G2 (Q) of nontrivial torsion points. Then for dy,d> >
1 we have that

d b d d dyyy 2
/Llrfwh e (Z(x +a] + 25", X 0 X 0 5°%5°)) = hgigan ganren, oy re (P2)-

In contrast with Corollary 12.7, this statement would allow to predict this kind of limit heights in
situations where the considered systems of equations cannot be explicitly solved. The method in the
first part of this article fails when approaching Conjecture 12.8, mainly due to the lack of an expression
comparable to (3.1) for the involved intersection cycle in terms of w,. By contrast, an extension of the
method in the present second part turns out to able to handle it, as shown in [GS24].
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13 Integrals over an amoeba

In Section 5 we considered the co-tropicalization map on (C*)? that sends each point to the arguments of
its coordinates. Looking instead at their absolute values gives the more classical tropicalization map:

trop: ((CX)Z—>R2, z+— (—log|z1], —log|za]).

The image of a curve of (C*)? under this map is called its amoeba. The term was coined in [GKZ08,
Section 6.1], where these tentacle-shaped subsets were introduced.

Here we will be concerned with the amoeba of the curve of (C*)? defined by the Laurent polyno-
mial 141 +1, that is

o ={(—log|z1|, —log|za|) | ¥ € (C*)? such that 1 +z; 4z, = 0}. (13.1)

We will refer to this subset of R? as the Archimedean amoeba of C, the line of P?(Q) studied throughout
Part I. It is depicted in Figure 13.1, and its computation is explained in [Gua20].

e 4 1=

Figure 13.1: The Archimedean amoeba of C with its contour lines and south region

Remark 13.1. This terminology can be justified as follows. The line C C P?(Q) is defined over the
rationals, and so it can be identified with an integral subscheme of IP’%Q whose Archimedean analytification
is the complex line Z(xo 4 x| +x2) C P>(C). Then the subset .7 coincides with the amoeba of the
restriction of this complex line to the dense open subset P?(C) \ Z(xpxx2) =~ (C*)2.

For what follows, consider the subset of this Archimedean amoeba given as
Hgouth = {u € & | min(0,u1) > uy },

which is the region colored in dark blue in Figure 13.1. The next result shows that the integrals on this
region of the powers of a coordinate function are given by special values of the Riemann zeta function.

Proposition 13.2. For all m € N we have that

/ugdulduzz(q)mm!g(mu).
pA

south
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Proof. The nontrivial boundary of the region <oy is given by u; = —log(e 2 — 1), as indicated in
Figure 13.1. Then Tonelli’s theorem and a direct computation yield

0 —log(e™2-1)
/ué"dulduzz/ (/ dul) wy duy
Hgouth —> u
0 0
:/ ugn(—log(e*m—l)—uz)duz:/ ilMog(1 —e)dus.  (13.2)

—oo

The absolute convergence of the series for the logarithm on the open unit disk and the obvious
statement for u, = 0 imply the pointwise convergence

—uy'log(1—e") =) 2k f € (—o0,0],
uy' log(1 —e'?) P e oruy € ( |

as functions with values in RU {£eo}. Since every summand of the series has the same sign, Levi’s
monotone convergence theorem implies that

0 0 = ym = 1 /0 L
/ —uy' log(1 —e")du, = / Z ?ze “2duy = % wy' e duy
—e° k=1 k=1"%J—e
oo 0
— Z l |:eku2 i (_1)Zm' m£:|
-1k (=0 K (m—0)r2 |
- m!
:];( 1)'"km+2 =(=1D)"m!'{(m+2) (13.3)
The statement follows from (13.2) and (13.3). ]

This result can be employed to recover the computation of the area of .7 by Passare and Rullgérd in
[PRO4, page 502]. A similar computation appears in [KP16, page 919].

Example 13.3. For m = 0, Proposition 13.2 gives that vol(.%oum) = §(2) = #2/6. Note that & is
disjointly covered, up to subsets of measure zero, by the images of the south region under the map
(u1,up) — (—up,u; —uy) and under the symmetry along the diagonal. Since these maps preserve the
Lebesgue measure, we deduce that
2
vol(.e7) = 3 vol(Houn) = 38(2) = EX

The previous proposition also allows to compute the integral on the Archimedean amoeba of C of the

support function of the 2-dimensional standard simplex.

Example 13.4. For m = 1, Proposition 13.2 gives that [,, u>duidu; = —(3). Consider the subsets
of &7 defined as

east = {u € & | min(uy,up) >0} and  Hyest = {u € & | min(0,u2) > u; }.
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Then

/ min(O,ul,uz)dulduzz/Odulduer/ ulduldu2+/u2du1du2
o e pe s

east ‘west /south

=2 [ upduydu; = —-2¢(3),
vQ{soulh

where the second equality follows from the symmetries of this integral.

Remark 13.5. It would be interesting to explore if there are other integrals of piecewise polynomial
functions on amoebas of curves that can be expressed in terms of special values of L-functions.

14 Computing a mixed integral

Finally, we show how the mixed integral in Proposition 12.6 relates to the integral of a piecewise linear
function on the amoeba treated in Section 13. The obtained equality offers a further expression for the
limit height under study, and it can be used to recover our main result.

Set A = A, for the standard simplex of R? and denote by 0, the zero function on it. Set also ¥ = WYa,
for the support function of this simplex as in Example 12.1, and p = p, for the Ronkin function of
141, +1, according to Example 12.2. Recall that o7 denotes the Archimedean amoeba of the line C as
in (13.1).

Theorem 14.1. With notation as above, we have that
1
MI(04, p" V:—i/\y duid
(0a,p",p") vol( ) s (u) duydus,

where vol denotes the Lebesgue measure of R2.

To prove this result, we first need to understand the behavior of the Legendre—Fenchel dual of this
Ronkin function on the boundary of its domain.

Lemma 14.2. The function p" vanishes on the boundary of A.

Proof. 1tis a consequence of Jensen’s formula that
p(u)=%(u) forallucR?\ .o, (14.1)

see for instance [Mai0O0, Proposition 7.3.1(2)]. Since p is concave, this implies that the inequality p <W¥
holds on the entire real plane. Taking Legendre-Fenchel duals we obtain that p"(x) > 0a(x) = 0 for
allx € A.

Hence, to complete the proof it is enough to show that p" is nonpositive on the boundary of A. To this
aim, first consider a point x = (4,0) € JA with A € [0, 1]. For € > 0 the point u; = (&, —log(1 —e™ %))
belongs to the east border of o7, as shown in Figure 13.1. By (14.1) and the continuity of the Ronkin
function we necessarily have that p(ug) = 0. Hence

p"(x) = inf ({x,u) —p(u)) < lim ({x,ue) —p(ue)) = lim Ae =0,

ucR? T g0t £—0*
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which implies that p(x) = 0. The fact that this also holds when x = (0,A) with A € [0, 1] can be proven
similarly.

To conclude, let x = (A,1—A4) with A € [0, 1]. For k > 0 consider the point u, = (—log(e* — 1), —x),
which lies in the southern border of 7. Again by (14.1) and the continuity of the Ronkin function we
have that p () = —k. Hence

p'(x) < Him ({(x,uc) —p(ux)) = lim (A-(=log(e" —1))+(1-2):(—K) = (—x))

K—>-o0 K—>o00
— lim — e Ky —
= Kl;n;ﬁ Alog(l—e™ %) =0,
which implies that pY (x) = 0 also holds in this case, as stated. O

We can now move to the proof of Theorem 14.1, which relies on a relation between the mixed
integral and an integral on the dual space with respect to the real Monge—Ampere measure of a concave
function. The latter is a positive measure having higher density where the function is more concave
[BPS14, Definition 2.7.1].

Proof of Theorem 14.1. Since both 05 and p" are continuous concave functions on the simplex A of R?,
it is a consequence of [Gual8b, Theorem 1.6] together with the vanishing of p" on the boundary of A
shown in Lemma 14.2 that

MI(03,p".p") = =2 [ ¥a(p) (14.2)

where M(p) stands for the real Monge—Ampére measure of the Ronkin function.
By [PRO4, Theorem 7 and Example on page 502] the real Monge—Ampere measure of p agrees with

the Lebesgue measure of R? restricted to the amoeba .27, and scaled by the constant 772, and so
1
[ wad(p) = — /dT(u) durdus. (14.3)
The statement follows from (14.2) and (14.3) together with Example 13.3. ]

The following corollary is an immediate consequence of the chain of equalities given by Theorem 11.4,
Proposition 12.6 and Theorem 14.1.

Corollary 14.3. Let (w;)s>1 be a strict sequence in G2,(Q) of nontrivial torsion points. Then

. 1
lim h(Cﬂ (l)gC) = hm°""7m“"" (%) = _W /z/lp(u) duduy,

L—+o0

where € is the subscheme of P2 defined by xo + x| +xa, whereas O'(1)°* and €'(1)R°" are the canonical
and Ronkin semipositive metrized line bundles on IP’%.

This result highlights the role played by our particular choice of both height function and curve.
Indeed, the considered limit height turns out to be computed by the average of W, which is metric function
associated to the canonical height in the toric correspondence from [BPS14], on the Archimedean amoeba
o7 of the line C.
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Finally, the right-hand side in the equalities in Corollary 14.3 can be directly computed using
Examples 13.3 and 13.4, namely

20(3)
7 ], dudie = SE5

thus recovering Theorem 7.1 through this more conceptual point of view.
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